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The generation and experimental realization of nondiffracting and nondispersive light pulses remain a difficult
challenge in the field of optics. Recent advances in ultrafast optics allow for the production of high-power, few-cycle
pulses with a significant fluence. Applying these capabilities to nondiffracting and nondispersive beams requires
a thorough mathematical framework for describing highly focused vector pulses. In this study, we investigate vector
optical bullets propagating in free space and in dielectric media, considering multiple polarization states such as
linear, azimuthal and radial ones. We also note the differences between the vectorial and scalar models. Furthermore,
we explore various group velocities: superluminal, subluminal and negative. Special attention is given to higher-order
topological charges, revealing their influence on the spatial structure and propagation dynamics of these pulses.
Finally, we demonstrate the possibility of generating subcycle duration pulsed beams, both in vacuum and in dielec-
tric material, while preserving their nondiffracting and nondispersive characteristics, and investigate their spatial
intensity distributions and temporal durations while also showcasing individual component influences on the total

intensities.
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1. Introduction

Structured light has a broad range of promising
applications, which results in the field progressing
rapidly not only for optics, but in various fields
of physics [] The interest is especially driven by
the ability to control a wide range of phenom-
ena, such as optical traction [ Hg ], optical spin-
ning [E] self-healing [E] 1mag1ng |, nondiffrac-
tive and nondispersive propagation [ﬁ], ultra-fast
near-subcycle pulses [E E and the generation of
ultra-high-power laser radiation [[10, ].
As we investigate pulsed beams [
sider the shortest possible duration of such
known as the subcycle pulsed beam [[13
which was experimentally achieved for Varlous
frequencies [[153, ]. Another challenge is the dis-
persion of light. Due to the dispersion in a mate-
rial, the different phase velocities of various wave-

, We con-
ulse,

lengths [] lead to dispersive broadening and
other distortions in its shape []. However, this
issue can be mitigated by employing a nonmono-
chromatic superposition of nondiffracting beams
with a predefined spatiotemporal dispersion with-
in the pulse [@, @D] The joint resistance of these
pulsed beams to both dispersion and diffraction
has led to their designation as optical bullets. Ex-
amples of such pulsed nondiffracting and nondis-
persive beams include pulsed Bessel beams [@]

focus wave modes [@] X waves [] and spa-
tiotemporal light sheets [@, ], which have been
extended to elliptical and parabolic X-waves [@]
and further into nonlinear optics [@ @].

In our previous work, we investigated non-
paraxial vector Bessel-X pulses [.] introduced
analytical expressions, and analyzed beams with
inhomogeneous polarizations. Further in our re-
search, we investigated vector focus wave modes,
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introducing dielectric dispersive medium [@]. We
chose BK7 glass as the material to analyze the dis-
persion relation of spatiotemporal spectra [@, @],
focusing on the cone angles of forward propagat-
ing Bessel beams that allow the pulsed signal to
propagate in the Bessel zone with controllable ve-
locity V, which can be superluminal [@, @], sub-
luminal [@], or even negative (i.e. propagating in
the backwards direction) [R4]. We presented this
vector description for optical bullets and stud-
ied the electromagnetic structure of the resulting
pulsed fields in glass, examining the relationship
between the beam’s transverse size, central fre-
quency, propagation velocity and pulse duration. In
the following work [B§], we investigated ultrafast
optics and explored nondiffracting optical bullets
with subcycle durations with various group and
phase velocities. We started by investigating subcy-
cle pulses - by using the angular dispersion curves
for Bessel beams. Using the angular dispersion
curves we analysed how broad of a spectrum we
could use to generate the shortest possible pulses
in both free space and dispersive media, while pre-
serving the group velocity V, the integration con-
stant y, the central frequency and the polarization.
For practical applications of nondiffracting and
nondispersive light pulses, a precise mathemati-
cal model of highly focused vector pulses is essen-
tial. Our model enables the investigation of pulsed
beam properties with group velocities that can be
superluminal, subluminal, or even negative.

In this work, we investigate subcycle pulses with
non-zero topological charge in free space and dis-
persive medium-BK7 glass. BK7 serves here as
a representative dispersive dielectric to illustrate
the effects of material dispersion and refractive in-
dex on pulsed beam propagation. The main quali-
tative features of the nondiffracting fields remain
similar to vacuum, but the dispersive medium
slightly modifies the subcycle pulses. While the re-
sults presented in this work focus on the case of
topological charge m = 1, the same method is ap-
plicable and can be analyzed for any topological
charges, but cases beyond m = 1 have been omitted
for the sake of brevity. The results provide insights
into the relationships between the transverse size
of the beam, the intensities of each component,
the central frequency, polarization, group veloc-
ity V and integration constant y. The significance
of longitudinal polarization in Bessel beams lies in

their unique properties, which enable an enhanced
interaction with matter, precise field control, and
novel applications in optics and photonics. Lo-
calized subcycle nondiffracting vector pulses are
physically possible, giving us the motivation to in-
vestigate such beams.

2. Materials and methods

Typically when describing nondiftracting and non-
dispersive pulsed beams with cylindrical symmetry,
they are understood as a coherent superposition of
monochromatic solutions of the cylindrical coordi-
nate system. To have nondispersive and nondiffrac-
tive characteristics, the wave vectors k and frequen-
cies w within the pulsed beam must be related. This
produces a variety of such beams, but here we focus
on the investigation of the so-called optical bullets,
which are defined by the relation [@]

kz(a))=2n(a))cosé’=2+7, (1)
c V

where k_represents the z component of the wave
vector k = (kp, 0, k), with kp being the transverse
component, w is the wave frequency, c is the speed
of light, n(w) is the refractive index of the mate-
rial, 0 is the angle between the z axis and the k
vector, V is the group velocity of the focus wave
mode, and y is the propagation constant [R(].
y is considered the integration constant [P2],
which can be seen as the phase period of plane
wave travelling at zero propagation angle (6, = 0).
This relationship (1) establishes the spatiotempo-
ral connection for the wave vector and frequency,
which corresponds to the angular dispersion law
for different frequencies:

O(w) = arccos{ e } (2)

A
Vn(w) on(w)

By substituting the relationship between
the wave vector k and the wave frequency w into
the general formula for the superposition of mono-
chromatic waves, we get the integral expression

E(pg.2)=¢" [ S(@), (k,p)e"e " do, (3)

where 7 =t - z/V, m is the topological charge of
the pulsed beam, and (p, ¢, z) are cylindrical coor-
dinates. In this work, we use the non-zero topologi-
cal charge m.



127 ISSN 1648-8504 eISSN 2424-3647

K. Laurinavicius et al. / Lith. J. Phys. 65, 125-136 (2025)

The scalar focus wave modes are widely used,
but have limitations. Here we construct their vec-
tor counterparts. Vectorial solutions of the Max-
well equations are constructed from the solutions
of scalar wave equations using the method given in

Refs. [@, @]

M(r,t) =V xaE(r,t), N(r,t) = %V x M(r, 1), (4)

where V is a nabla operator and a is a predefined
vector [@], which defines which polarization we
generate. Applying this operation to Eq. (3) gives
us the expressions for transverse electric (TE) opti-
cal bullets,

M(r,t)=¢"* j: S(@)M,(r; w)e " do, (5)

and for transverse magnetic (TM) optical bullets,
N(r,t)= e,-yz'[: S(@w)N,(r;®)e" " do. (6)

In cylindrical coordinate systems we get basis
vector functions M (r, w) and N,(r, ) from Eq. (4).
Their exact expressions and physical interpreta-
tions depend on the choice of the vector a. In this
work, we select a = e_to obtain azimuthally and ra-
dially polarized modes and a = e_to obtain linearly
polarized ones. The exact expressions for vector
functions M (r, w) and N (r, w) for these two cases
are provided in Ref. [B2], so we omit them here for
the sake of brevity.

An optical vortex with linear polarization car-
ries the angular momentum. The angular momen-
tum L of a transverse electromagnetic wave is ex-
pressed as

L=er x (E xB), (7)

where E is the electric field vector, and B is the mag-
netic induction vector. The total angular momen-
tum of the wave is obtained by integrating over all
space:

]:efrx(ExB)dr. (8)

For a Bessel beam with linearly polarized elec-
tromagnetic fields, the radial and azimuthal com-
ponents of the beam’s angular momentum can be
directly identified. The analysis shows that the an-

gular momentum associated with these polarization
components is purely azimuthal. Due to the beam’s
azimuthal symmetry, the total angular momentum
integrated over the entire space evaluates to zero.

In contrast, both linearly and circularly polar-
ized Bessel beams can possess the non-zero angu-
lar momentum [@]. In such cases, all three com-
ponents of the angular momentum vector can be
non-zero, but when averaged across space, only
the z-component contributes significantly. This
component is given by

1 d
L oc|mJ]>?—=or—J* |,
z { m 2 dr Wl} (9)

where 0 = £1 corresponds to right- and left-handed
circular polarization, respectively, and o = 0 for lin-
ear polarization.

Upon spatial averaging, the ratio of angular mo-
mentum to energy for the Bessel beam is found to be

i_m+0'
cP @

> (10)

indicating that the angular momentum of the Bes-
sel beam is directly proportional to the topological
charge m. Focus wave modes are also characterized
by angular momentum, which is proportional to
the topological charge m of the Bessel beam they
consist of [@].

The main question of this research is whether
the subcycle duration can be combined with non-
diffracting and nondispersing properties of the fo-
cus wave modes with non-zero topological charge,
described by Eq. (1).

In this work, we use the rectangular spectral en-
velope

S(w) = l(w_ - w/Aw), where

. A
0, if|w|>22,
2

H(£j= l, if‘a)|=ﬂ, (11)
Aw 2 2
L if|o|<22,
2

where Aw is the spectral width of the rectangular
spectral envelope, and w_is the central frequency
of the wave packet. For the rectangular spectral
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envelope, the spectral width dw can be related
to the temporal duration dt using the expression
dw = 5.56/dt [@]. The choice of a rectangular spec-
trum was made in order to simplify the mathematical
treatment and for all spectral parts to have the same
influence on the resulting beam. Our main goal was to
highlight the fundamental effects related to the topo-
logical charge rather than to model a specific experi-
mental configuration. Our methodology can also be
directly applied to spectra with a Gaussian shape.

To quantify the resulting pulses as subcycle we
introduce the parameter

10 At’

C

fo T,

(12)

where T is the cycle duration of the central fre-
quency w_. Naturally, the limit of the shortest pulse
is a half cycle of the central frequency. We now com-
bine the spatiotemporal dispersion of the optical bul-
lets with this definition and investigate the depend-
ence of the parameter Aw/w_ on the group velocity
V/c and the parameter y. The results are depicted in
Fig. El(a) for vacuum and Fig. m(b) for BK7 glass.

In general, we observe the values of Aw/w_very
close to 2, corresponding to the pulse duration be-
ing equal to close to a half cycle of the central fre-
quency. Similar behaviour was shown previously
for the cases of topological charge m =0 @]. From
the dependence for positive group velocities, we
note that the spatio-temporal dispersion restricts
the shortest possible duration of the nondiffracting
pulsed beam, see Fig. m(a). Most strikingly, we ob-
serve the possibility to create subcycle optical bul-
lets propagating backward. By investigating the BK7
glass, we note that the duration of subcycle optical
bullet in a dispersive medium is larger than in vacu-
um, see Fig. [li(b). The cause of this is the presence of
absorption lines, which restrict the resulting band-
width, as Eq. (1) is valid in those regions.

In subsequent numerical simulations, we con-
sider three cases of spatio-temporal dispersion (see
Fig. El(c)) and numerically integrate Egs. (5) and
(6) using the expression mentioned previously for
the spectral envelope.

(a)
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Fig. 1. (a) Dependence of the parameter
Aw/w_ for focus wave modes on the pa-
rameters y and V/c in vacuum; (b) de-
pendence of the parameter Aw/w_ for
focus wave modes on the parameters y
and V/c in BK7 glass. (c) Angular dis-
persion curves of focus wave modes in
vacuum for the parameters: (1) blue
curve V/c = 3.45, y = 0 um™; (2) red
curve V/c =-5.65,y =4.35 um™; (3) or-
ange curve V/c=1,y=-2.45um™.

3. Subcycle pulsed beams

We begin our investigation by selecting point (1)
from Fig. El(a). Here, the group velocity of the fo-
cus wave mode is V/c = 3.45 and the parameter
y =0 um™', which is a particular case that is referred
to as X-waves in the literature. We investigated
the following four polarization cases: linear TE
(transverse electric), linear TM (transverse mag-
netic), radial and azimuthal polarizations. Here, we
use the topological charge of m = 1.
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We begin by plotting the intensity distributions
of the subcycle pulsed beams in the transverse
plane (see Fig. @, the first row). As expected from
the literature, the linearly polarized TE mode is
elongated along the polarization direction, which is
attributed to a strong longitudinal field component
(see Fig. , the last row). Additionally, we display
the individual field components of the pulsed beam
along with their corresponding phases. These re-
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semble the behaviour of a tightly focused, linearly
polarized monochromatic beam [@].

In contrast, the linearly polarized TM mode devi-
ates from this pattern. It spans a similar intensity dis-
tributions in both axes, though we observe a distinct
minima in the direction of polarization. A closer in-
spection of the individual components reveals the un-
derlying cause: the x component becomes asymmet-
ric, with a central minima (see Fig. , the second
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— o
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0.5

1-1 0 1-1 0 1

x (pm) x (pm)

Fig. 2. Intensity distributions of subcycle pulses in vacuum and their individual components E_(the second
row), Ey (the third row) and E_ (the fourth row) in the transverse plane for linear TE (the first column), TM (the
second column), azimuthal (the third column) and radial (the fourth column) polarizations when V/c = 3.45
and y = 0 ym™'. The white arrows in the first row represent the orientation of the electric field. The topological
charge m = 1. The insets represent the phase distributions of the individual components.
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column). Furthermore, aside from the presence of a
weak longitudinal (z) component, we observe a non-
zero, cross-polarized y component. Notably, the x
component exhibit spikes with alternating phases, as
shown in the corresponding inset in Fig. . The full
width at half maximum (FWHM) values in the trans-
verse plane are Ax,, = 0.3518 um, Ay, = 0.4724 ym,
and Ax, =0.4322 um, Ay =0.4121 ym.

The azimuthally polarized subcycle X-wave be-
haves as expected, exhibiting only two transverse

x (um)
()

x (um)

x (uym)
()

x (um)

-0.5

-2 0 2-2

0
t-z/V (fs) t-z/V (fs)

2-2

components (see Fig. @, the third column). However,
the radially polarized X-wave displays an intriguing
feature in the subcycle regime: it possesses a domi-
nant longitudinal (z) component, with a minimum
at the centre, owing to tight focusing conditions
(see Fig. , the last column). The FWHM values
in the transverse plane are Ax . = 0.2312 ym, Ay =
0.2312 ym, and Ax_, = 0.4322um, Ay = 0.4322 ym.
After analyzing the spatial structure of the vec-
tor X-waves in the transverse plane for this specific
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t-z/V (fs) t-z/V (fs)

Fig. 3. Intensity distributions of subcycle pulses in vacuum and their individual components E_(the second
row), E (the third row) and E, (the fourth row) in the longitudinal plane for linear TE (the first column),
TM (the second column), azimuthal (the third column) and radial (the fourth column) polarizations when
Vlc =3.45 and y = 0 yum™. The topological charge m = 1. The insets represent the phase distribution for each

individual components.
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case, we now turn our attention to their behaviour
in the longitudinal plane, where the temporal dura-
tion significantly influences the shape of the vector
pulsed beams (see Fig. E). This figure illustrates both
total and individual intensity distributions within
a selected longitudinal plane.

We first observe a clear distinction between
the linearly polarized TE and TM optical bullets.
In particular, the TE mode exhibits a central maxi-
mum structure, while the TM mode has a central

y (um)

y (um)

y (ym)
(]

y (pm)
(e

1-1 0
x (pm)

-1 0
x (pm)

1-1 0

minimum (compare the first and second columns
of Fig. E). The linear TE polarization presents
a smoother overall profile.

In this chosen longitudinal plane, the TE mode
contains a single non-zero field component. For
the TM polarization, the x and y components retain
the characteristic central axial void, while the z com-
ponent has a central maximum. The phase distribu-
tions of both components align with the expected
behaviour of conical beams, and the corresponding

0.5

o

0.5

0.5

0.5

1-1 0 1

x (um) x (um)

Fig. 4. Intensity distributions of subcycle pulses in BK7 glass and their individual components E_(the second
row), Ey (the third row) and E_(the fourth row) in the transverse plane for linear TE (the first column), TM (the
second column), azimuthal (the third column) and radial (the fourth column) polarizations when V/c = 3.45
and y = 0 ym™'. The white arrows in the first row represent the orientation of the electric field. The topological
charge m = 1. The insets represent the phase distributions of the individual components.
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energy flows are as anticipated. The phase distribution
reveals a conical energy flow and features a phase dis-
continuity along the z axis, attributed to the polariza-
tion singularity at the beam centre [@, @]. The full
width at half maximum (FWHM) in the longitudinal
direction is Az, = 1.5879 fsand Az, = 1.9497 fs.
Turning to the azimuthally and radially polar-
ized cases (shown in the third and fourth columns of
Fig. E), we note that the azimuthally polarized beam

x (pm)

x (pm)

-0.5

x (pm)

x (ym)

-2 0

t-z/V (fs) t-z/V (fs)

2-2 0

displays a strongly developed peripheral structure.
In contrast, the radially polarized beam is domi-
nated by its z component, accompanied by weaker
x and y components. Together, they form an inten-
sity pattern that resembles the letter X. The FWHM
values in the longitudinal plane are Az = 1.5879 fs
and Az_, = 1.8291 fs.

We now turn our attention to vector optical
bullets in BK7 glass. We analyze the same four

0.5

0.5

0.5

0.5

2-2 0 2

t-z/V (fs) t-z/V (fs)

Fig. 5. Intensity distributions of subcycle pulses in BK7 glass and their individual components E_(the second
row), E (the third row) and E, (the fourth row) in the longitudinal plane for linear TE (the first column),
TM (the second column), azimuthal (the third column) and radial (the fourth column) polarizations when
V/c=3.45and y = 0 yum™. The topological charge m = 1. The insets represent the phase distribution for each

individual components.
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polarization states as before: linear TE (transverse
electric), linear TM (transverse magnetic), radial
and azimuthal, as defined in Egs. (5, 6), with topo-
logical charges m = 1.

Figure @% the first row, shows the intensity
distributions of these subcycle pulsed beams in
the transverse plane. As expected from previous
studies, the linearly polarized TE mode is elon-
gated along the polarization direction due to
a dominant longitudinal component (see Fig. @,
the last row). We also display the individual
field components along with their phase profiles,
which resemble those of a tightly focused linearly
polarized monochromatic beam []. For the TM
linear polarization, we see a different distribution.
A detailed inspection of the field components ex-
plains this behaviour. The x component loses its
symmetry and exhibits two side lobes away from
the centre (see Fig. @, the second column). Fur-
ther more, in addition to the presence of a weak
z component, a non-zero cross-polarized y com-
ponent emerges. The x component spikes display
alternating phase patterns, as shown in the inset
of Fig. @ The FWHM values in the transverse
planeare Ax, =0.2111 ym, Ay_ = 0.1106 um, and
Ax,, =0.2714 ym, Ay . = 0.2513 ym.

The azimuthally polarized subcycle optical
bullet behaves as expected, featuring only two
transverse components (Fig. H, the third col-
umn). However, the radially polarized optical
bullet shows an intriguing feature in the subcycle
regime: its z component dominates due to tight
focusing conditions (see Fig. @, the last column).
The FWHM values in the transverse directions
are Ax_. = 0.1508 um, Ay = 0.1508 ym, and
Ax_,=0.2714 ym, Ay ,=0.2714 ym.

Next, we investigate the spatial structure of
these vector subcycle optical bullets in the longitu-
dinal plane for comparison, focusing on the same
scenario (see Fig. E).

We present both total and individual intensi-
ty distributions in a selected longitudinal plane.
A distinct difference is evident between the TE
and TM polarized optical bullets (Fig. E). The TM
mode shows a highly pronounced cross-shaped
peripheral structure (first and second columns),
while the TE mode appears more confined and
concentrated. The FWHM values along the lon-
gitudinal direction are Az, = 1.5879 fs and
Az, = 1.9095 fs.

The azimuthal and radial polarizations are
shown in the third and fourth columns of Fig. E
The azimuthally polarized beam displays a strong
peripheral structure. The radially polarized mode
features a dominant z component and nearly neg-
ligible x and y components. The FWHM values
in the longitudinal plane are Az . = 1.5879 fs and
Az, =1.8291fs.

4. Discussion and conclusions

In this work, we introduced a vectorial framework
for analyzing nondiffracting and nondispersive
optical bullets, considering three distinct polari-
zation states: linear, azimuthal and radial. To il-
lustrate the diversity of spatiotemporal disper-
sion characteristics, we examined two materials:
free space and BK7 glass. The selected forward-
propagating velocities correspond to well-known
dispersion scenarios: the X-wave and the focus
wave mode (FWM), spanning from small par-
axial cone angles — where scalar approximations
are valid - to larger cone angles that require a full
vectorial description of the electric field.

We have found that temporal durations remain
mostly unchanged, but the transverse dimen-
sions are considerably smaller in the case of beam
propagating in dispersive material. The only case
where the temporal duration becomes shorter in
dispersive material is the linear TM polarization.

Recent advancements in ultrafast optics point
toward the experimental feasibility of these phe-
nomena. High-energy subcycle pulse synthesiz-
ers based on mid-infrared optical parametric
amplifiers have been demonstrated [#5]; isolated
attosecond pulses have been achieved through
ionization gating [@]; and phase-stable subcycle
mid-infrared pulses have been generated via fila-
mentation in nitrogen [@]. Nevertheless, achiev-
ing the precise spatiotemporal dispersion required
for nondiffracting and nondispersive optical bul-
lets remains a substantial challenge. Metasurfaces
have recently emerged as a potential solution to
address this issue [4].

Overall, the insights presented here advance
our understanding of subcycle pulse dynamics
and may contribute to the development of next-
generation technologies in ultrafast optics, high-
resolution imaging and precision material pro-
cessing.
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SUBCIKLINIAI VEKTORINIAI OPTINIAI IMPULSAI, NESANTYS OPTIN] JUDESIO
KIEKIO MOMENTA

K. Laurinavicius, J. Berskys, S. Orlov

Valstybinio moksliniy tyrimy instituto Fiziniy ir technologijos moksly centro Koherentinés optikos laboratorija, Vilnius, Lietuva

Santrauka

Nedifraguojan¢iy ir dispersijai atspariy $viesos
impulsy generavimas ir eksperimentinis realizavimas
iSlieka sudétingu issukiu optikos srityje. Naujausi pa-
siekimai ultrasparcioje optikoje leidzia generuoti dide-
lés galios keliy cikly impulsus. Siy savybiy pritaikymas
difrakcijai ir dispersijai atspariems pluostams reika-
lauja i§samios matematinés bazés, aprasancios astriai
fokusuotus vektorinius impulsus. Tyrime nagrinéja-
mi vektoriniai optiniai impulsai, sklindantys laisvoje
erdvéje ir dielektrinéje terpéje, atsizvelgiant j jvairias
poliarizacijos busenas, tokias kaip tiesiné, azimutiné
ir radialiné. Taip pat pazymimi skirtumai tarp vekto-

riniy ir skaliariniy modeliy. Be to, nagrinéjami jvairas
grupiniai grei¢iai: didesni uz $viesos greitj, mazesni
uz $viesos greitj bei neigiamo grupinio greicio atvejai.
Ypatingas démesys skiriamas aukstesniems topologi-
niams kraviams, atskleidZiant jy poveikj $iy impulsy
erdvinei struktarai ir sklidimo dinamikai. Galiausiai
parodoma galimybé generuoti subciklinés trukmeés
impulsinius pluostus tiek vakuume, tiek dielektrinése
medziagose, ilaikant jy atsparuma difrakcijai ir dis-
persijai, bei tiriamas jy erdvinio intensyvumo pasis-
kirstymas ir laikiné trukmé, kartu analizuojant atskiry
sandy jtaka bendram intensyvumui.
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