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The mean-field approximation (MFA) of spin-1/2 XYZ model was studied by using the Pauli spin matrices and 
their exponentials which led to very nice hyperbolic tangent functions in nonlinear form. The magnetization com-
ponents Mx, My and Mz were obtained for the ferromagnetic (FM) case and then it was modified for the antiferro-
magnetic (AFM) case by introducing the sublattices. The bilinear exchange interaction parameters Jx, Jy and Jz, and 
the external magnetic fields Hx, Hy and Hz were considered along the  three-dimensions for various coordination 
numbers q = 3, 4 and 6. The thermal variations of the magnetizations and thus the phase diagrams were obtained to 
illustrate the behaviours of phase transition lines in the AFM case.
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1. Introduction

In the study of spin models, the spins are usually 
assumed to have only discrete values and thus 
only the possible spin values are used in calculat-
ing the magnetization of a given system. The Ising 
model is such a model in which a spin can be up or 
down with the possible spin values of ±1/2 along 
a given direction. But the spins may be aligned in 
any direction in space making them to be three-
dimensional objects. Spins are actually quantum 
mechanical with the  eigenvalues corresponding 
to the  discrete values mentioned above. Since 
the spins must have the same spin values in all di-
rections, i.e. S 

i
µ = ± 1/2 with µ = x, y or z, this does 

not lead to any distinction between the  spin di-
rections. The spins are indeed quantum mechani-
cal operators with the  eigenvalues correspond-
ing to these discrete values. Thus, one may use 
the Pauli spin matrices as operators to distinctly 
separate the possible spin dimensions. This makes 
the problem more difficult to deal with.

Since the  lowest spin system consists of spin-
1/2 particles with two states along each axis, it is 

also the  most studied system in the  Heisenberg 
models. It should be noted that when the bilinear 
interaction parameters along three dimensions 
are not equal, then the  model is called the  XYZ 
model, while when all of them are equal, it is 
the XXX model, and when two of them are equal 
but one of them is not, it is named the XXZ model. 
These models have been studied for many cases by 
following different theoretical approaches.

The XXX model has been considered mostly 
for the chain models. The ground state of the iso-
tropic quantum spin chain with a  non-diagonal 
boundary term was proposed by using the Bethe 
ansatz solution  [1]. In addition, a  few examples 
are the rigorous mathematical framework nonper-
turbative renormalization group (RG) transfor-
mations in the finite-temperature regime [2] and 
the  geometric quantum discord for three spin-
1/2 particles in the  external magnetic field  [3]. 
The critical frontier of the isotropic AFM Heisen-
berg model in a  magnetic field along the  z axis 
was considered by mean field (MF) and effective 
field theory (EFT) RG calculations  [4]. By using 
the  differential operator technique and the  EFT 
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scheme, the critical behaviour of amorphous classi-
cal Heisenberg ferromagnet in a random field was 
considered [5].

The XXZ model has been taken into account in 
many cases, such as the model on a square lattice, 
studied by using Monte Carlo (MC) simulation to 
observe the  temperature dependences of energy, 
specific heat and order-parameter  [6]. The  ther-
modynamic properties of the model with XY-like 
anisotropy were examined on the  4  ×  4 square 
lattice by diagonalization of the  Hamiltonian 
numerically  [7]. The  cluster-variation method 
(CVM) was used to examine the  phase diagram 
and the  global phase diagrams were calculated 
for arbitrary values of anisotropy and external 
magnetic fields  [8]. The  magnetization process 
of the AFM models with Ising-like anisotropy in 
the ground state was investigated [9]. The aniso-
tropic Heisenberg model under AFM interaction 
was studied by the MF RG approach on a simple 
cubic lattice  [10]. It was studied in a  transverse 
magnetic field and shown that the  field induces 
a gap in the spectrum with the easy-plane anisot-
ropy [11]. The phase diagram of the two-dimen-
sional quantum anisotropic Heisenberg model 
was considered by adapting an RG approach [12]. 
The  magnetic properties of the  Ising-like model 
on the Shastry-Sutherland lattices with long-range 
interactions were studied by using the  quantum 
Monte Carlo (MC) meth od [13]. The ground state 
magnetic phase diagram of the  one-dimensional 
anisotropic model in the  presence of transverse 
uniform and staggered magnetic fields was con-
sidered  [14]. The  ground-state properties of 
the  quasi-one-dimensional AFM Heisenberg 
model were investigated by using a  variational 
method [15]. The quantum phase transition, scal-
ing behaviours, and thermodynamics on a  hon-
eycomb lattice were systematically studied using 
the  continuous-time quantum MC method  [16]. 
Magnetization plateau and supersolid phases 
were analyzed in the AFM Heisenberg model on 
a tetragonally distorted fcc lattice [17]. The aniso-
tropic Heisenberg AFM model in the presence of 
a  Dzyaloshinskii–Moriya (DM) interaction and 
a  uniform longitudinal magnetic field was giv-
en [18]. The anisotropic AFM Heisenberg model 
in the  presence of a  longitudinal external mag-
netic field and a  DM interaction was studied by 
employing the usual approximation (MFA) [19].

Lastly, the XYZ models were also examined in 
many cases. The FM case in a transverse field and 
uniform long-range interactions among z-com-
ponents of spins was studied using the  MF Jor-
dan–Wigner transformation  [20]. The  quantum 
phases of an anisotropic Heisenberg chain under 
a  uniform and staggered magnetic field were ex-
amined  [21]. The  Ising–Heisenberg model with 
the  pair of Heisenberg and quartic Ising interac-
tions was exactly solved by establishing a  precise 
mapping with the corresponding zero-field eight-
vertex model  [22]. The model with both periodic 
and anti-periodic boundary conditions was stud-
ied via the off-diagonal Bethe ansatz method [23]. 
The classical Heisenberg model on a simple cubic 
lattice was investigated by the EFT based on a two-
spin cluster  [24]. The  quantum phase transition 
of the Heisenberg model with DM interaction via 
the  infinite matrix product state representation 
with the  infinite time-evolving block decimation 
method was investigated [25]. Magnetic and ther-
modynamic properties of the anisotropic XYZ fi-
nite chain under both homogeneous and inhomo-
geneous magnetic fields were theoretically studied 
at low temperature  [26]. A quantum refrigerator 
based on an anisotropic two Heisenberg XYZ 
model in external magnetic fields with the DM in-
teraction was suggested [27]. A high-temperature 
series expansion code for the  Heisenberg model 
was presented on arbitrary lattices [28]. Thermal 
entanglement was considered in the  anisotropic 
Heisenberg model with DM interaction in an in-
homogeneous magnetic field  [29]. The  Heisen-
berg model was formulated in terms of the usual 
MFA by using the matrix forms of spin operators 
in three dimensions [30].

It should be noted that many body problems 
can be approached by converting them to an eas-
ily solvable one-body problem by considering 
a chosen spin at a given site i placed into an effec-
tive medium that creates a local magnetic field Hi 
at the  site i. Therefore, the  chosen spin interacts 
with an MF induced by all other spins and with 
possible external parameters. Although this ap-
proximation does not yield exact results, at least it 
does give us some qualitative results which may be 
guiding us in developing better theories in the ap-
proach to the problem.

In this work, instead of using the  approach 
of the  MFA given in Ref.  [30], we use the 
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exponentials of Pauli spin matrices and their se-
ries expansions  [31], and then they are simpli-
fied by the  application of the  commutation and 
anti-commutation relations to obtain a very nice 
form of the  magnetization components in three 
dimensions. The  thermal variations of magneti-
zations are studied for the AFM case by dividing 
the lattice into sublattices to obtain the phase dia-
grams for the given coordination numbers q = 3, 
4 and 6.

The rest of the work is set up as follows: Sec-
tion  2 contains the  formulation in detail, and 
Section 3 demonstrates the thermal variations of 
magnetization components and phase diagrams. 
Those are followed by the conclusions and the Ap-
pendix presenting the details of calculations.

2. Pauli spin matrices for the MFA in the XYZ 
model

We take into account the XYZ model which is as-
sumed to have the following Hamiltonian:

, ,

,

– – –

– – – ,

x x y y
x i j y i ji j i j

z z x y z
z i j x i y i z ii j i i i

J S S J S S

J S S H S H S H S
〈 〉 〈 〉

〈 〉

=

−

∑ ∑
∑ ∑ ∑ ∑
H

 
(1)

where Si
x, S i

y and Si
z are the  spin-1/2 matrices, 

 Jx, Jy and Jz are the bilinear exchange interaction 
parameters between the nearest-neighbour (NN) 
spins, and Hx, Hy and Hz are the  external mag-
netic fields along the x, y and z directions, respec-
tively. The model is called the XYZ model when 
Jx  =  Jy  =  Jz, it turns into the  XXX model when 
Jx ≠  Jy ≠  Jz and it becomes the XXZ model when 
Jx = Jy ≠ Jz.

We rewrite the Hamiltonian in the MFA by con-
sidering a single selected spin i and its interactions 
with its neighbouring spins and with the external 
parameters in the following form

−βH(i)
MFA = β[(qJxMx + Hx)S

x
i + (qJyMy + Hy)S

 y
i +

+ (qJzMz + Hz)S
z
i], (2)

in which β = (kT)–1 is the inverse temperature, k is 
the Boltzmann constant set to one, q is the num-
ber of nearest neighbours (NN), and T is the ab-
solute temperature. In addition, Mx, My and Mz are 
the  magnetization components along x, y and z 
axes, respectively. 

The spin-1/2 matrices are presented in terms of 
the Pauli spin matrices as 

2
S µ µσ=

  with μ set to x, 
y or z in three spin-dimensions and are given as

0 1 0 –i
and

1 0 i 0

1 0
.

0 –1

x y

z

� � � �
� �� � � �
� � � �
� �

� � �
� �

σ σ

σ  (3)

The constant   is set to 1.0 for convenience, 

thus the  spin-1/2 matrices become equal to Pauli 
spin matrices, i.e. Sµ = σµ. The Pauli spin matrices 
satisfy the following relations:

(i) the even powers of the Pauli spin matrices are 
equal to the unitary matrix

even 1 0
( ) ,

0 1
Iµσ

 
= =  

 
 (4)

and their odd powers are equal to themselves, 
(σµ)odd = σµ;

(ii) they do not commute and satisfy the below 
relations

1 0
– i i ,

0 –1

0 1
– i i ,

1 0

0 – i
– i i ,

i 0

x y y x z

y z z y x

z x x z y

� �
� � � � �

� �
� �

� � � � �
� �
� �

� � � � �
� �

σ σ σ σ σ

σ σ σ σ σ

σ σ σ σ σ  (5)

which lead to

[σx, σy] = 2iσz, [σy, σz] = 2iσx and [σz, σx] = 2iσy;  (6)

(iii) they are anti-commutative:

{σx, σy} = 0, {σy, σz} = 0 and {σz, σx} = 0. (7)

It is well-known that the  partition function is 
presented in terms of the  exponential of Eq. (2), 
i.e. – βHMFA,

( )
MFA–

( )Tr e .
i

i iZ β =  
H  (8)

Therefore, for its calculation the exponential con-
taining the spin matrices must be obtained. The ex-
ponential can be simplified as

e–βH(i)
MFA = eβ[(qJxMx + Hx)Sxi  + (qJyMy + Hy)Syi + (qJzMz + Hz)Szi]

= eaSxi + bSyi + cSzi, (9)
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with a  =  β(qJxMx  +  Hx), b  =  β(qJyMy  +  Hy) and 
c = β(qJzMz + Hz). The Taylor’s series expansion of 
an exponential in the  neighbourhood of x  =  0 is 
given as

2 3 4

0
e 1 ...

! 2! 3! 4!

n
x

n

x x x xx
n

∞

=

= = + + + + +∑ ,          (10)

where x is some variable. But our exponential con-
tains operators represented by Pauli spin matrices, 
thus one must be very careful in the expansion and 
follow the relations given in Eqs. (4–7). As a result, 
one obtains it as

2

2

2 2

e 1 ( )
( ) ( )

2!
( ) ( )

3!
( ) ( ) ...

4!
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i i i
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i i i i i i
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aS bS cS
aS bS cS aS bS cS

aS bS cS aS bS cS

aS bS cS aS bS cS

+ + = + + +

+ + + +
+

+ + + +
+

+ + + +
+ +

 
(11)

After implementing the conditions (i) and (iii), 
and using α2 = a2 + b2 + c2, the above exponential 
reaches a very nice form given as

2 4 6

3 3 7

e 1 ... I
2! 4! 6!

1+ 1 ... ( ).
3! 5! 7!

yx z
i i iaS bS cS

x y z
i i iaS bS cS

α α α

α α α
α

+ +  
= + + + + 
 

 
+ + + + + + 

 

 
(12)

It can also be further simplified by recogniz-
ing the first term in the bracket as the cosh α and 
the last one as the sinh α:

sinhe cosh I ( ).
yx z

i i iaS bS cS x y z
i i iaS bS cSαα

α
+ + = + + +

 
(13)

The partition function is calculated as (details 
are given in the Appendix)

( ) 2 2 2Tr[e ] 2cosh .
yx z

i i iaS bS cSiZ a b c+ += = + +
 
(14)

Now, with the knowledge of the partition func-
tion, the free energy can be calculated by the well-
known formula

( )( ) 2 2 2– log( ) – log 2cosh .iF kT Z kT a b c= = + +
 
(15)

We are now ready to calculate the  magnetiza-
tion components. Let us start with the calculation 
of the zth component of magnetization Mz by using 

( )
MFA

( )
MFA

–

–

Tr[ e ] Tr[ e ] ,
Tr[e ]Tr[e ]

i yx z
i i i

i yx z
i i i

aS bS cSz z
i i

z aS bS cS

S SM
β

β

+ +

+ +
= =

H

H

 (16)

in which the denominator is already calculated to 
be the  partition function given in Eq. (14), and 
now the numerator must be obtained, the details of 
which are given in the Appendix, and found as

2 2 2

2 2 2

Tr [ e ]
2 sin .

yx z
i i iaS bS cSz

iS
c a b c

a b c

+ +=

= + +
+ +

 (17)

Now inserting the results of Eqs. (14) and (17) 
into Eq. (16) gives the Mz as

2 2 2

2 2 2
tanh .z

cM a b c
a b c

= + +
+ +   

     (18)

Similarly, the xth component of magnetization 
Mx is obtained by using

M S S
x

i
x

i
x aS bS cSi

i

x y z

� �
�

�

� �
Tr e

Tr e

Tr e

T

MFA

MFA

i i i[ ]

[ ]

[ ]
( )

( )

�

�

H

H
rr e i i i[ ]

,
aS bS cSx y z� �

 
(19)

where the  numerator of Mx is found from (see 
the Appendix)

 (20)

With the  insertions of the results in Eqs. (14) 
and (20) into Eq. (19) the  final form of Mx is 
found as

2 2 2

2 2 2
tanh .x

aM a b c
a b c

= + +
+ +   

              (21)

Finally, the yth component of magnetization My 
is obtained by using

( )
i iMFA i

( )
i iMFA i

–

–

Tr[ e ] Tr[ e ] ,
Tr[e ] Tr[e ]

yi x z

i yx z

aS bS cSy y
i i

y aS bS cS

S SM
β

β

+ +

+ +
= =

H

H

 
(22)

where the numerator of My is found from

 (23)

as can be seen in the Appendix.

Tr e i i i[ ]
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i
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After putting the  results of Eqs. (14) and (23) 
into Eq. (22), the  final magnetization component 
My is found as

2 2 2

2 2 2
tanh .y

bM a b c
a b c

= + +
+ +  

      (24)

It is clear that the  coefficients 2 2 2
,a

a b c+ +

ü

b
ü + +

and ü

c
ü + +

for Mx, My and Mx 

in Eqs. (18), (21) and (24) play the role of weight 
functions since the sum of their squares is equal to 
one. Thus, their strengths determine which compo-
nent of magnetization is dominant over the other 
one. The obtained formulations for Mx, My and Mz 
have a very nice form, but they are nonlinear and 
must be solved numerically, and here we have just 
employed simple iterations. Note also that the total 
magnetization is given as

2 2 2 2 2 2tanh .x y zM M M M a b c= + + = + +
 
(25)

It is clear that the above equations are obtained 
for the FM case with Jx > 0.0, Jy > 0.0 and Jz > 0.0. 
For the AFM interactions with Jx < 0.0, Jy < 0.0 and 
Jz < 0.0, the lattice should be partitioned into sub-
lattices A and B. In that case, the above equations 
must be modified as follows: the  sublattice mag-
netizations now read as

Mx
A = Mx

A(Mx
B, Mx

B, Mx
B), 

My
A = My

A (Mx
B, My

B, Mz
B),

Mz
A = Mx

A(Mx
B, My

B, Mz
B),

Mx
B = Mx

B(Mx
A, My

A, Mz
A), 

My
B = My

B(Mx
A, My

A, Mz
A),

Mx
B = Mx

B(Mx
A, My

A, Mz
A), (26)

the total magnetization now reads as

 (27)

,

and similarly the free energy becomes

M M M

M M M

M M M

a

A B

x
A

y
A

z
A

x
B

y
B

z
B

� �

� � � �

� � � �

�

( ) ( ) ( )

( ) ( ) ( )

tanh

2 2 2

2 2 2

2 �� ��
�

�
� � � ��

�
�
�b c a b c

A B

2 2 2 2 2tanh .

F = FA(Mx
A, My

A, Mz
A) + FB (Mx

B, My
B, Mz

B),                     (28)

thus the  total magnetization and free energy for 
the AFM case is equal to the sum of the contribu-
tions coming from each sublattice A and B.

After having calculated all the  equations for 
the FM and AFM cases, we are now ready to pre-
sent their variations with respect to our parameter 
space, especially the  temperature in the  next sec-
tion.

3. Illustrations

Now as the illustrations, we first study the thermal 
changes of magnetization components in detail to 
obtain the  phase diagrams in possible planes for 
the XXX, XXZ and XYZ AFM models.

3.1. Thermal variations of magnetization 
components

As the first illustration of thermal variations of Mx, 
My and Mz for the  AFM XXX case, we have pre-
sented in Fig. 1 that Jx = Jy = Jz = J = – 1.0 for various 
values of Hx  =  Hy  =  Hz  =  H with which the  lines 
are labelled when q  =  4. Since all the  parameters 
are taken to be equal, the  values of the  weight 
functions are the  same, thus all the  components 
are equally probable leading to equal values of all. 
The  critical temperatures at which the  sublattice 
magnetizations become equal are the  Neél tem-
peratures, TN, which persist to higher tempera-
tures for lower H. The phase between the sublattice 

Fig. 1. Thermal variations of the magnetization com-
ponents (Mx, My, Mz) for the sublattices A and B in the 
AFM XXX case when Jx = Jy = Jz = J = −1.0 for various 
values of Hx = Hy = Hz = H and q = 4.

M
ag

ne
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0.4
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0                1               2               3               4
T
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magnetizations is the  AFM and afterwards it is 
the FM phase. Only for the H = 0.0 case, the FM 
and paramagnetic (PM) phases are separated at 
the  TN. When H is high enough, the  sublattice 
magnetizations start with the FM phase for which 
Mx = My = Mz, then as T increases they are sepa-
rated at the first TN enclosing the AFM phase, and 
as T increases further they connect at the second 
TN again and the components become equal cor-
responding to the FM phase. The double existence 
of TN leads to the  reentrant behaviour. When H 
values become high enough, all the  magnetiza-
tions become equal only presenting the FM phase 
with no further existence of TNs. The  next illus-
tration, Fig. 2, is for the AFM XXZ model when 
Jz = – 0.5, Hx = Hy = Hz = H = 1.0 and given values of 
Jx = Jy = J = 0.0, – 0.25, – 0.75 and –1.0. When Jx = Jy, 
it leads to a = b and thus to equal values of Mx = My 
shown with solid lines. Since Jx ≠  Jy =  Jz = – 0.5, 
the Mz values, indicated with dotted-dashed lines, 
are also different but all have the same TNs. While 
Jz > J, then Mz > Mx = My is true, and when Jz < J, 
Mz < Mx = My holds as expected. It is also clear that 
as J increases towards H  =  1.0, the  TNs increase 
which is sensible. For the XYZ model, it is clear 
that as Js become larger the AFM regions and TNs 
increase.

phases, and it is a  second-order type phase transi-
tion. The spin-1/2 models do not display first-order 
phase transitions for the Ising models. The MF ap-
proach for the AFM models of this work similarly 
does not also display it. Again we illustrate the phase 
diagrams for the XXX, XXZ and XYZ models.

Figure 3 shows the phase diagrams obtained on 
the  (H, T)-plane with Jx  =  Jy  =  Jz  =  J  =  –  1.0 and 
Hx = Hy = Hz = H for q = 3, 4 and 6 corresponding 
to honeycomb, square and simple cubic lattices. It 
shows that the TNs are higher for lower H and as H 
increases they decrease. The further decrease of H 
leads to bulgings in the TN lines, i.e. the reentrant 
behaviour. The lower H parts of each line enclose 
the AFM phase while the right side is the FM phase. 
It is also clear that the TN lines extend to higher TNs 
and Hs for higher q as expected from the spin mod-
els. Figure 1 of Ref. [5], Fig. 3 of Ref. [24], Fig. 1(a) 
of Ref. [18] and especially Figs. 3 and 4 of Ref. [4] 
display similar phase diagrams.

Fig. 2. Thermal variations of the magnetization com-
ponents (Mx, My, Mz) for the sublattices A and B in the 
AFM XXZ model when Jz = −0.5, Hx = Hy = Hz = H = 
1.0, q = 4 and the given values of Jx = Jy = J = 0.0, −0.25, 
−0.75 and −1.0.

0.8

0.4

0.0

–0.4

0                1                2                 3                4
T

Hz = 1.0
Jz = 0.5
q = 4

3.2. The phase diagrams

The phase diagrams obtained only display Neél 
temperatures which separate the  AFM and FM 

Fig. 3. Phase diagrams on the (H, T) planes for the 
given values of q = 3, 4 and 6 when Jx = Jy = Jz = J = 
−1.0 and Hx = Hy = Hz = H for the XXX model.
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The phase diagram for the  XXZ model is pre-
sented on the (J, T) plane with Jx = Jy = J, Jz = − 0.5, 
q = 4 and for given values of H as seen in Fig. 4. 
The TN lines start from higher Ts at J = 0.0 for lower 
H  =  0.0, 0.25, 0.5 and 1.0, and when H  >  1.0 for 
shown values in the phase diagram, they start from 
T = 0.0 and higher Js for higher H. When H ≤ 1.0, 
the TN lines consist of AFM phase regions, other-
wise they separate the FM phase (at lower J) from 
the AFM phase (at higher J). For the first three val-
ues of H when Jz is more negative than J, the TN lines 
are almost straight under the  rule of Jz. When H 
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becomes compatible with Jz, i.e. H = 1.0, the TN line 
goes downward. When H > 1.0, at low absolute J, 
first, the  FM phase becomes dominant and as J  
absolutely increases the AFM phase appears. Then 
around J = –0.5, when compatible with Jz = – 0.5, 
the  TN lines start increasing linearly and only 
the AFM phase remains. All these behaviours are 
very logical indicating the correctness of this work.

The final phase diagram displayed in Fig. 5 for 
the XYZ model on the (Jx, T) plane with Jz = – 0.5, 
H  =  0.5 and Jy  =  0.0, –0.25, –0.6, –0.7, –0.8, –0.9 
and –1.0 when q  =  4 again. This figure is similar 
to the previous one, now the TN lines always start 
from some nonzero values and they increase as Jy 
increases. The straight portion of the TN lines per-
sist to Jx about –0.5 when Jy is negatively smaller 
than Jx. For the values of Jy between –0.6 and –1.0 

they persist until Jx = Jy. Afterwards they all linearly 
increase.

4. Conclusions

This work presents the  formulations of the  XYZ 
model for the spin-1/2 in terms of Pauli spin ma-
trices and their exponentials. The  main proper-
ties of Pauli spin matrices such as the commuta-
tion and anti-commutation rules are carefully 
applied to get very nicely formulated results for 
the partition function, free energy and magnetiza-
tion components. Then their thermal changes are 
examined for various values of the  coordination 
number for the XXX, XXZ and XYZ models for 
the AFM case. It is found that the model only dis-
plays the second-order phase transitions, i.e. Neél 
temperatures, with no indication of first-order 
phase transitions. It is found that the XXX model 
presents a  reentrant behaviour. The  work clearly 
indicates all the competition between the system 
parameters nicely. The  regions of FM and AFM 
phase regions are observed which are separated by 
the TN’s. For comparisons with some other works, 
we were able to compare only the  XXX model 
phase diagram with the  works of Refs.  [4, 5, 18, 
24]. The  similarities, especially the  existence of 
a reentrant behaviour, agree with them. In the lit-
erature, it should be noted that we did not find 
any works approaching the MFA in a similar way 
except for the recent work [31].

Appendix

The details of the calculation for the partition func-
tion for Eq. (14):
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Fig. 5. Phase diagrams on the (Jx, T) planes for the 
XYZ model when Jz = −0.5, Hx = Hy = Hz = H = 0.5, 
q = 4 and the given values of Jy.

Fig. 4. Phase diagrams on the (J, T) planes for the 
XXZ model, i.e. Jx = Jy = J, when Jz = −0.5, q = 4 and 
the given values of Hx = Hy = Hz = H.
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The details of the calculation for Mz for Eq. (17):
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The details of the calculation for Mx for Eq. (20):

2

ü

sinhTr cosh I+ ( )

sinhTr cosh + [ ( ) )]

sinhTr cosh + [ I (i ) (–i )]

sinh sinh( i ) cosh –
Tr

cosh

yx z
i i iaS bS cSx

i

x x y z
i i i i

x x x y x z
i i i i i i

x z y
i i i

S

S aS bS cS

S a S bS S cS S

S a b S c S

b a c

αα
α

αα
α
αα

α
α αα

α α

α

+ + 
 
  = + +    
 = + + 
 
 = + + 
 

+
=

+

2 2 2

2 2 2

sinh sinh( – i )

2 2sinh sinh .

c a b

a a a b c
a b c

α α
α α

α
α

 
 
 
  
 

= = + +
+ +

 (A.3)

The details of the calculation for My for Eq. (23):
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