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This paper addresses the problem of computing fermion propagators in a broad variety of strongly correlated 
systems that can be mapped onto the theory of fermions coupled to an (over)damped bosonic mode. A number of 
the previously applied approaches and their results are reviewed, including the conventional diagrammatic resum-
mation and eikonal technique, as well as the ‘experimental’ higher-dimensional bosonization and generalized (i.e. 
‘bottom-up’ or ‘non-AdS/non-CFT’) holographic conjecture. It appears that, by and large, those results remain either 
in conflict or incomplete, thereby suggesting that the ultimate solution to this ubiquitous problem is yet to be found.
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1. Introduction

A quest into the various metallic states of interact-
ing fermions has been continuing over the past few 
decades, its main goal being a systematic classifica-
tion of those compressible states and their proper-
ties. Despite all the  efforts, though, the  only fully 
understood is the classical Fermi liquid (FL) while 
(possibly countless) deviations from it remain large-
ly unexplored and still need to be systematized.

Much of the  previous studies revolved around 
a  broad class of systems governed by some long-
ranged and/or retarded two-fermion interactions 
that are often associated with ground state insta-
bilities and concomitant non-Fermi-liquid (NFL) 
behaviours which may occur even in those systems 
the  microscopic Hamiltonians of which involve 
only short-range couplings.

In the close proximity to a quantum phase tran-
sition, an effective singular coupling can be medi-
ated by (nearly gapless) collective excitations of an 
emergent order parameter of charge, spin, or other 
nature. Important examples include both the phys-
ical and effective finite-density QED, quark-gluon 
plasma in QCD, (anti)ferro-magnetic fluctuations 

in hole-doped cuprates and heavy fermion materi-
als, Ising nematic and other Pomeranchuk/Lifshitz-
type transitions of the itinerant Fermi surfaces (FS), 
even-denominator compressible quantum Hall ef-
fect (QHE), etc.

The quantum theory of strongly correlated fer-
mions has long been in a strong need of non-per-
turbative techniques the use of which would allow 
one to proceed beyond the  customary (yet, often 
uncontrollable in the  regime of interest) approxi-
mations when analyzing generic (non-integrable) 
systems.

In that regard, it has been claimed that a possi-
ble way out of the lingering stalemate can be found 
along the  lines of the once popular, then (nearly) 
abandoned and recently resurrected idea of higher-
dimensional bosonization or provided by the never 
proven, yet massively entertained, conjecture of 
the generalized (‘non-AdS/non-CFT’) holographic 
duality.

Given the current interest in such ‘experimental’ 
techniques and for the sake of elucidating their true 
status it would be worth comparing their predic-
tions, as well as contrasting them against the other 
available results.

https://doi.org/10.3952/physics.2023.63.2.5
mailto:khvesh%40physics.unc.edu?subject=


ISSN 1648-8504   eISSN 2424-3647  D.V. Khveshchenko / Lith. J. Phys. 63, 85–104 (2023)86

2. Diagrammatics

In many of the diverse reincarnations of the problem 
of finite density fermions with the interactions me-
diated by gapless bosonic excitations, the propagator 
of the latter conforms to the general expression
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Hereafter, Matsubara frequencies will be used 
while all the dimensionful factors will be absorbed 
into the proper units of momentum (kF) and energy 
(g2/1–η(υFkF)

(1+η)/η–1/N, see Eq. (4) below), where kF 
and υF are the Fermi momentum and velocity, g is 
the coupling strength, and N is the number of fer-
mion species. Likewise, all the inessential numeri-
cal factors will be dropped.

Among the practically important examples of 
this ‘Mother of all NFLs’ are such seemingly dis-
joint topics as electromagnetic (i.e. Abelian gauge 
field) skin effect in metals [1–3] and quark-gluon 
(non-Abelian) plasmas [4], spin [5–11] and charge 
[12–16] fluctuations in itinerant ferromagnets and 
Ising quantum nematics, as well as compressible 
quantum Hall effect with screened repulsive inter-
actions [17], in all of which situations ξ = 1 and 
ρ = 2. By contrast, the normal skin effect and anti-
ferromagnetic fluctuations in doped Mott insula-
tors are described by ξ = 0, ρ = 2, while the com-
pressible quantum Hall effect with the unscreened 
Coulomb interactions corresponds to ξ  =  1, 
ρ = 1.

Over several decades much effort has been 
made towards ascertaining the effects of the inter-
action (1) on the FL propagator with a finite chem-
ical potential μ,
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Previous diagrammatic approaches to this 
problem sought out to investigate the  stability of 
the first-order self-energy
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against higher-order corrections. For a  choice of 
parameters conspiring to yield η = 1 the self-energy 
(4) acquires an extra factor ln ω.

In the early analyses, it was argued that the self-
energy retains its functional form (4) to all orders in 
perturbation theory for any finite N, provided that 
the FS curvature is properly accounted for [18–22]. 
This conclusion was drawn on the basis of self-con-
sistent Eliashberg-type diagrammatics which, in 
turn, relies on the generalized Migdal theorem to 
control vertex corrections.

Utilizing the  conjectured all-orders result (4) 
one arrives at the expression
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where the self-energy is the power-law function of 
energy with only a weak momentum dependence. 
To account for the FS curvature κ the fermion dis-
persion can be expanded in the vicinity of the (Lut-
tinger) FS traced by the unit normal n:

ϵk = μ + υF(kn – kF) + κ(k × n)2. (6)

Upon Fourier transforming (5) one finds that 
at the largest spatial separations the equal-time 
propagator demonstrates the power-law behaviour 
(hereafter d = 2)
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which decays with the  distance faster than its 
non-interacting counterpart (3) for any η  >  0. In 
the  self-consistent Eliashberg theory, the  anoma-
lous exponent was found to take the  universal 
value η1  =  1/2 [21, 22]. By contrast, the  alternate 
approaches found different values of η1, as well as 
a  faster-than-algebraic behaviour at intermediate 
distances, N ≲ r ≲ 1/N2κ3, the range of which ex-
pands for N → 0 and/or κ → 0 (see next sections).

Moreover, in the complementary limit of large 
temporal separations the  leading term in the  all-
orders ‘near-field’ propagator retains its non-inter-
acting form [21]
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although the  sub-leading corrections bear some 
non-trivial τ-dependence (see next sections).

It has also been noted that the algebraic behav-
iours (7, 8) hold due to the presence of a pole in 
the integration over ϵk in Eq. (5) while in its absence 
a different functional behaviour sets in. However, 
the latter was predicted to occur only in the (argu-
ably, unphysical) limit N → 0.

Contrary to the  earlier expectations, though, 
the  refined analyses of higher-order corrections 
to Eq. (4) found them to be singular, albeit sup-
pressed by extra powers of 1/N [23–27]. A number 
of attempts to get an analytic handle on the high-
er-order effects has been made [28–31] but their 
full bearing on the  problem of interest remains 
unclear.

Furthermore, a  naive generalization of the 
above calculations to finite temperatures appears 
to be problematic as Eq. (4) picks up a  singular 
contribution Σ(0) [15, 16]. This problem is par-
ticularly severe in those situations where gauge in-
variance prevents the mediating transverse gauge 
field A⊥ = A×k/k from developing a thermal mass 
(no magnetostatic screening in normal metals).

Interestingly, one encounters the same formal 
hurdle in the  problem of a  particle moving in 
random magnetic field (RMF), the  random field 
variance substituting for the  temperature. Since 
scattering off of static (ω = 0) magnetic field dis-
order correlated as ⟨AkA–k⟩ ~ T/kρ is purely elastic 
the  problem has a  purely single-particle nature. 
Yet, for ρ ≥ d the standard self-consistent Born ap-
proximation gets invalidated due to the  infrared 
divergence at small momenta.

Note, in passing, that the  absolute majority of 
the cited work on the RMF problem in d = 2 assumes 
short-range correlations, ⟨AkA–k⟩ ~ const, which al-
low for applications of the powerful machinery of 
2d conformal field theory (CFT). However, a non-
perturbative solution to the  long range-correlated 
problem is also available [32–38]. Properly adapt-
ed, it offers a workaround for the technical problem 
posed by the singular zero-frequency harmonic at 
finite T.

A simpler – yet, questionable – practical recipe 
for dealing with this harmonic would be to ignore 
it altogether – as an artifact of the gauge-non-in-
variant nature of the fermion propagator – or, more 
formally, have it absorbed into the  renormalized 
chemical potential.

Alternatively, in those situations where the  is-
sue of gauge invariance is moot (e.g. fluctuations of 
electrostatic potential in metals), an emergent ther-
mal (Debye) mass mth(T) ~ (T  ln T)1/2 of the bos-
onic mediator provides for the necessary regulari-
zation [15, 16].

3. Eikonal technique

Another approach to the problem of fermions with 
the interactions (1) was proposed in the small-N 
limit where there is no fermion back-reaction as 
any fermionic loops are suppressed. This limit 
was first addressed in the  context of summing 
over the  so-called ‘maximally crossed’ diagrams 
[39, 40]. However, shortly after its first applica-
tions it was realized that this method represents 
a simplified form of the general eikonal approach 
[41, 42].

The most straightforward (in the  geometri-
cal sense as well) eikonal calculation focuses 
exclusively on the  Debye–Waller ‘damping fac-
tor’ picked up by the  fermion wave function 
while the  latter is moving down its straight-
line semiclassical path. Computing the  average 
⟨exp(i∫drA)⟩ over the  bosonic fluctuations with 
the interaction function D(ω, k) = ⟨AA⟩ given by 
Eq. (1) one obtains

Geik(τ, r) = G0(τ, r) e–Seik(τ, r), (9)

where the exponential ‘damping factor’ reads

Seik(τ, r) = ∫ dω ddkD(ω, k)G(ω, k)G0(–ω, –k) 

× (1 – cos(ωτ – kr)). (10)

First, neglecting the  FS curvature one readily 
finds the lowest-order eikonal action
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– i
rS

r ητ
τ

r  (11)

whereas for η  =  1 the  frequency integration pro-
duces an additional factor ~ln |r – iτ|.

For example, in d = 2 and for η = 2/3 Eq. (11) 
gives rise to the asymptotics
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and
2/3

eik 1/2
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τ τ
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which were obtained in Refs. [21, 43–47], barring 
minor differences (see the  next section). Expres-
sions (12, 13) yield the ‘off-FS’ Fourier transform
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that was first found in Refs. [48–52] and recently 
re-discovered in Refs. [45–47]. Its complementary 
‘on-FS’ behaviour, Geik(ω,  kF)  ~  exp(–1/ω1/2), ap-
peared in Ref. [41].

However, as pointed out in Refs. [48–52] and re-
iterated in Refs. [21, 22], for a finite κ the faster-than-
algebraic decay (14) emerges only in the limit N → 0 
where the pole in Eq. (5) as a function of ϵk disappears. 
Furthermore, if the  entire ω-linear term (Landau 
damping) in the interaction function (1) were gener-
ated in the one-loop approximation, then the behav-
iour (14) could only be attained by taking the double 
limit N → 0, kF → ∞, with NkF kept constant in order to 
suppress all the higher-order fermion loops [45, 46].

The eikonal approximation can be systemati-
cally improved and also extended to the two- (and, 
potentially, any-) particle amplitudes [41, 42, 45, 
46, 48–52]. In particular, the two-particle (charge/
spin) density correlation functions in 2d conform 
to the general expression
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Notably, at low momenta its Fourier trans-
form retains its free form ⟨ρ(ω,  k)ρ(–ω,  –k)⟩  ~ 
const + θ(υFk – ω)ω/k while at momenta close to 
2kF the density response

⟨ρ(ω, k)ρ(–ω,–k)⟩ ~ (a|k – 2kF| + b|ω|2/3)1–η2 (16)

demonstrates a cusp or even a true singularity, de-
pending on the anomalous exponent η2 (at large N 
one finds η2 ~ 1/N, though) [41, 42, 45, 46, 48–52].

4. Higher-dimensional bosonization

Developing an approach to generic condensed 
matter problems that would be as powerful and 
versatile as 1d bosonization has long remained as 
desirable, as it has been elusive. The vigorous early 
studies in that direction [53–66] were followed by 
a long period of oblivion, although there has been 
some revival of interest, as of lately [67]. Thus far, 
however, concrete predictions of this technique 
amounted to reproducing the  classic FL results 
[53–63] or, else, delivering some novel ones which 
appear to be quite similar to those obtained by 
means of the eikonal approach.

At the  practical level, the  simplest version of 
the bosonization technique is described as a trian-
gulation procedure in the course of which the FS 
gets divided onto a  large number of ‘patches’ 
the size of which decreases upon renormalization. 
The idea is that a predominantly forward scattering 
makes physics quasi-1d and subject to the similar 
(albeit, approximate in d > 1) Ward identities [68]. 
One might then hope that this would suffice for 
permitting the  use of the  1d rules of substituting 
bosonic (‘plasmon’) density modes for fermion bi-
linears at small energies/momenta.

Conceivably, this condition could indeed be met 
in a situation where an auxiliary patch size Λ ≪ kF 
drops out of the  calculation due to the  singular 
nature of the  interaction. For the  interaction (1) 
this happens when the integral ∫dd–1kD(ω, k) over 
the momenta tangential to the FS converges (i.e. for 
d – 1 < ρ). It might still be marginally acceptable 
when the resulting dependence is logarithmic but 
would be harder to justify if the above integral di-
verged at the upper limit set by Λ.

The equivalent bosonic action is formulated in 
terms of the phase variable ϕ(τ, r, n) labelled by its 
location on the  surface of constant Fermi energy 
traced by the unit normal n (or the corresponding 
d–1 angular parameters),

 (17)
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where D(τ,  r) is the  Fourier transform of Eq. (1) 
and the  sum is over the  FS patches of a  progres-
sively decreasing size.
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The proposed ‘ad hoc’ construction of the sin-
gle-particle operator [53–63]

Fi i ( , , )
bos ( , ) e ,k φ τψ τ +=∑ r r n

n
r  (18)

ignores any operator-valued factors a la Klein that in 
1d make the thus-obtained fermion operators obey 
the standard commutation relations at different FS 
points. Therefore, while adequately reproducing 
the  low-energy/momentum FS hydrodynamics at 
the  level of (charge/spin) density response func-
tions, the bosonization recipe (18) a priori may not 
be sufficient when it comes to single-particle am-
plitudes.

Nonetheless, the single-particle propagator ob-
tained with the use of Eq. (18) is given by the ex-
pression

2
F

1i – ( ( , , )– (0, , ))
2

bos ( , ) e ,
k

G
φ τ φ

τ
〈 〉

= ∑
r r n 0 n

n
r  (19)

where the  brackets stand for the  average over 
the  phase fluctuations governed by the  Gaussian 
action (17).

In the  non-interacting case the  corresponding 
integral is logarithmic, thus resulting in the angular 
expansion of the free propagator (3) with the dis-
persion linearized near the FS
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Neglecting any effects of the  FS curvature one 
obtains the  formula reminiscent of the  eikonal 
propagator (9)

bos eik
1( , ) ~ exp( ( , )),
– i

G S r
r

τ τ
τ

−r  (21)

governed by the  action (11). It was then argued 
in Refs. [21, 43, 44, 69, 70] that the  asymptotic 
Seik(τ  →  0,  r)  ~  r1/3 may only hold at intermediate 
spatial distances. For any finite N the  FS curva-
ture is generally expected to alter this behaviour at 
the longest distances, r ≳ 1/N2κ3, thereby resulting 
in such conflicting predictions as that of no signifi-
cant effect at all [43, 44] to restoring the standard 
FL behaviour [69, 70], to yielding an anomalous 
power-law decay (7) with η1 ~ 1/N [21].

Also, with the  FS curvature taken into ac-
count the  complementary large-τ asymptotic 
Seik(τ,  r  →  0)  ~  r/τ2/3 was predicted to turn into 
Seik(τ, 0) ~ (lnτ)/τ2/3 [43, 44] or Seik(τ, 0) ~ (lnτ)/τ [21]. 
The  marked difference between these predictions 
takes its origin in the  different ways of handling 
the near-double pole in Eq. (10) which is only split 
at a finite κ.

Although the  original bosonization approach 
appears to be rather similar to the  eikonal tech-
nique, it can be further improved. To that end, its 
more sophisticated version (see Refs. [65, 66] and 
its recent redux in [67]) can be formulated in terms 
of a path integral over the Boltzmann distribution 
function which plays the  role of a  collective bos-
onic field variable. The  rigorous formulation of 
this approach makes use of the  Costant-Kirillov 
method of quantization on the  coadjoint orbits 
of the  phase space volume-preserving diffeomor-
phisms the generators of which obey W∞ algebra.

However, while potentially providing a  sys-
tematic way to refine Eq. (21) by taking into ac-
count the  non-linear terms (higher derivatives 
of ϕ(τ,  r,  n)) in the  effective hydrodynamics, this 
technique has not yet demonstrated its full poten-
tial. Same can be said about a very different scheme 
(which is also formally exact by design) that ex-
ploits intrinsic supersymmetry by introducing an-
cillary ghost fermions [71, 72].

Albeit still waiting to be explored, neither way 
of improving on the  lowest-order eikonal/bosoni-
zation results is expected to be an easy task. In that 
regard, the recent claim [47] of exactness (in con-
trast to the work of Refs. [21, 22, 48–52]) of the as-
ymptotic Eq. (21) is unlikely to be valid.

5. Generalized holography

Compared to what it has been just recently [73–
80], the  seemingly endless flurry of holographic 
publications has been steadily coming to a  mere 
trickle. Also, much of the  original thrust towards 
boldly treating an arbitrary condensed matter sys-
tem of interest as yet another application of some 
opportunistically chosen weakly-coupled semiclas-
sical gravity has retreated into the topic of hydro-
dynamics (which, while highlighted and revitalized 
by holography, can be  –  and, of course, had long 
been  –  successfully discussed without ever men-
tioning the latter).
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However, apart from having become a massive 
and customary practice, there has not been much 
effort made towards any serious justification of nei-
ther the overall holographic scheme nor its specific 
‘dictionary’, which was copy-pasted from the origi-
nal string-theoretical framework.

In that regard, comparing holographic propaga-
tors to the  predictions of other techniques could 
provide an additional testing ground for both 
the  alternate methods as well as the  holographic 
approach itself.

Over the past 15 years, the most common ho-
lographic workhorse has been the  Einstein–Max-
well-dilaton (EMD) theory described by the d+2-
dimensional Lagrangian for the bulk metric, gauge, 
and scalar (dilaton) fields [73–80],

2 2
EMD 2

1 ( 1) 1( ) – – e e ,
2 2

d dS R F
L

�� �
��� �

� �� ζ  (22)

where  d d ddu g��� � r stands for a  covariant 
d+2-dimensional volume integral, and R is a  sca-
lar curvature. The  third term represents a  (nega-
tive) cosmological ‘constant’ of the asymptotically 
anti-de-Sitter space AdSd+2 of radius L and metric 
determinant g.

The vacuum solutions of Eq. (22) include 
a broad class of diagonal (Euclidean) metrics

ds2 = f(u) dτ2 + g(u) du2 + h(u) dr2 (23)

with the algebraically decaying components

g(u) = (L/u)2α, h(u) = (L/u)2β, f(u) = (L/u)2γ,     (24)

where the exponents are functions of δ and ζ. These 
metrics cannot be readily extended to the asymp-
totic ultraviolet regime and, therefore, need to be 
regularized in the  near-boundary limit (u  →  0) 
where they revert back to the AdSd+2 background.

Among all the  different parametrizations of 
the  ‘radial’ variable u particularly convenient is 
the one with only two essential parameters: dynam-
ical exponent z and hyperscaling violation (HV) 
parameter θ,

1 – 1–, ,
1– 1–

z dγ α αθ
α β α β

+
= =

+ +
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in terms of which the metric (23) takes the stand-
ard HV form
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2 2 /
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us u
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The indexes z and θ manifest themselves 
through the  scaling of the  boundary excitation 
spectrum, ω  →  ω/λz, and the  interval, ds  →  λθ/dds, 
under the change of momenta k → k/λ.

Among all the  classical solutions of the  theo-
ry (22) there is a  special class of Lifshitz metrics 
(θ = 0) which were discovered in the semiclassical 
(Thomas–Fermi) analysis of matter back-reaction 
on the metric, as well as in the  ‘electron star’ sce-
narios, etc. [81–87].

More generally, any viable solutions of Eq. (22) 
must obey certain stability (‘null energy’) condi-
tions [73–80]

(d – θ)(d(z – 1) – θ) ≥ 0, (z – 1) (d + z – θ) ≥ 0. (27)

6. Holographic propagators

The early holographic studies of fermion propaga-
tors [24, 88–100] produced a number of intriguing 
results, including multiple Fermi surfaces (which 
merge into one critical ‘Fermi ball’ in some ex-
treme limits), dispersionless poles, oscillatory fre-
quency dependence (which was later shown not to 
arise in more systematic ‘top down’ constructions 
[73–80]), etc. A  physical interpretation of those 
results is impeded by the  fact that much of this 
work is numerical.

A simple and amenable to analytical treatment 
semiclassical calculation can be performed in 
the regime mL ≫ 1 where m is the mass of the con-
jectured dual bulk fermion [88–104]. In this re-
gime, the  fermion paths contributing to various 
quantum-mechanical amplitudes follow closely 
the  classical boundary-to-boundary trajectories 
(geodesics) derived from the  (imaginary-time) 
action

2 2

hol
d dd ( ) ( ) ( ) ,
d d

S m u g u f u h u
u u
τ   = + +   

   ∫
r  (28)

by varying over τ(u) and r(u).
Evaluating this action on its geodesic one ob-

tains

hol 0

( )( , ) d .
( )

tu g uS m u
q u

τ = ∫r  (29)
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Here q(u) = 1 – π2
r/h(ut) – π2

τ/f(ut) is the  function 
of the  conjugate momenta πr  =  δS/δ(dr/du) and 
πτ = δS/δ(dτ/du) obeying the equations

0

0

d ( ) ,
( ) ( )

d ( ) ,
( ) ( )

t

t

u

r

u

u g ur
h u q u

u g u
f u q uτ

π

τ π

=

=

∫

∫
 (30)

where the upper limit ut is the turning point given 
by the condition q(ut) = 0.

While an explicit analytic computation of 
Eq. (29) can only be performed in some special cases, 
the one-parameter space/time dependences can be 
readily found for a broad variety of metrics. Specifi-
cally, for the HV metric (29) one obtains [101–105]

Shol(τ → 0, r) ~ rθ/d, Shol(τ, r → 0) ~ τθ/dz. (31)

Notably, in the  absence of hyperscaling viola-
tion (θ = 0) both these asymptotics become either 
constant (less likely) or logarithmic (more likely, 
see below). Thus, if the classical EMD Lagrangian 
(22) were to represent a valid bulk dual of bound-
ary theory with the  gauge-like interaction (1), 
the asymptotics (31) would not be readily reconcil-
able with the eikonal/bosonization results (11, 21) 
which depend primarily on z (via η) rather than θ.

Specifically, matching the  large-τ behaviours 
produced by the  eikonal/bosonization and holo-
graphic calculations requires z  =  (1  –  θ/d)–1, but 
even under this condition the results pertaining to 
the  complimentary long-τ regime would still re-
main in conflict with Eqs. (11, 21).

Alternatively, the  semiclassical analysis can 
be applied directly to the  bulk wave function in 
the  energy-momentum representation ψ(u,  ω,  k). 
It describes a bulk fermion subject to the effective 
single-particle potential in the  radial holographic 
direction [88–99],

2 2
2( ) ,

( ) ( )
V u m

h u f u
ω

= + +
k

  (32)

and is composed of the two independent solutions, 
which read

i d ( ) ( )

1/4

1( , , ) ~ e ,
( )

ut

u
u g u V u

u
V u

ψ ω
′ ′ ′±

±
∫k                    (33)

in the classically permitted region 0 < u < ut ~ (k/ω)1/γ–β.

Imposing the proper boundary conditions and 
following the holographic dictionary [73–80] one 
then defines the  propagator as a  reflection coeffi-
cient for the wave incident at the boundary:

hol

hol

–

hol –
– – 0

( , , ) e ( , , )( , ) ,
( , , ) e ( , , )

S

S
u

a u b uG
a u b u

ω ωω
ω ω

+ +

→

+
=

+
k kk
k k

 (34)

where the  coefficients a±, b± pertain to the  large/
small-u asymptotics of the solutions ψ± which have 
to be matched in the overlapping intermediate re-
gime.

Expanding Eq. (34) near the pole under the as-
sumption of no accidental pole-skipping and 
comparing with Eq. (5) one identifies the  perti-
nent self-energy Σ(ω, k) ~ e–Shol(ω, k) determined by 
the tunnelling action through the classically forbid-
den radial region [88–99, 105],

1
1 – –

hol 1 –( , ) ~ ,kS
γ α γ β

β αω
ω

+

+

 
 
 

k  (35)

which shows exponential dependence on both en-
ergy and momentum. Interestingly, for the  HV 

metric (26) it becomes 
1
–1

hol ( , ) ~ ( / )z zS kω ωk  
and depends solely on z but not θ. In that regard, 
the Fourier transform of the exponential of Eq. (35) 
might have, in principal, a  better chance to agree 
with Eq. (11) – at least, for certain specific values of z.

A different behaviour (unattainable in the case 
of the HV metric (26) with finite z and θ) occurs for 
α = β + 1, and in this case the integral in Eq. (33) di-
verges at u → 0. This peculiar NFL regime, dubbed 
‘local criticality’, is characterized by the propagator

loc ( )

1( , ) ,
( ) ( ) kG

a k b k νω
ω

=
+

k  (36)

where a(k), b(k), and v(k) ~ k are non-singular 
functions of momentum that can, in general, pro-
duce multiple poles identified as the distinct (‘frac-
tionalized’) FS [88–99]. 

Fourier transforming (36) is complicated by 
the  fact that G(ω,  k) is not analytically known 
across the entire range of its arguments. However, 
the fast (and/or furious) Fourier transformation via 
a saddle point suggests the  following form of this 
function in the spacetime domain

2 2
loc F F( , ) ~ exp(– ( ) ( ln ) ),G k rτ ν τ+r             (37)
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where υF = υ(kF). This function rapidly decays at fi-
nite spatial distances (different ‘lattice sites’) while 
demonstrating the power-law ‘intra-site’ self-corre-
lations. It then describes a system which effectively 
splits onto spatially uncorrelated ‘quantum impuri-
ties’ each of which exhibits an effectively zero-di-
mensional (d = 0) quantum-critical behaviour.

Lately, such ultra-local scenario received much 
attention in the context of the Sachdev–Ye–Kitaev 
(SYK)-type models [106–113] whose conjectured 
dual bulk geometry AdS2 ⊗ Rd provides a common 
near-horizon behaviour of generic near-extremal 
black holes.

Further extensions of the original spaceless SYK 
behaviour have been explored by introducing a lat-
tice of individual SYK ‘quantum dots’, hybridizing 
localized SYK (Majorana or Dirac) fermions with 
some itinerant ones, or making the  SYK correla-
tions distance-(and/or time-) dependent [114–116].

The zeroth-order ‘on-site’ propagator G0(τ1,  τ2; 
r1,  r2)  =  Gsyk(τ12)δ(r12), where Gsyk(τ)  ~  1/τν, then 
gets modified and assumes the  form (36) with 
a  universal exponent ν  =  2/q, where q is an even 
integer [106–113]. In a generalized model, which 
combines terms with different values of q, the one 
with the smallest q dominates, thus yielding ν = 1/2 
for a generic (chaotic, yet solvable) NFL state – with 
the exception of a non-chaotic FL with ν = 1 corre-
sponding to q = 2.   

Adding to the  intrigue, there are some recent 
Monte Carlo results on the 2d Hubbard and t –  J 
models that have long been thought to represent 
the prototypical NFL normal state in the cuprates. 
These results do not readily conform to a momen-
tum-independent, yet strongly energy-dependent, 
self-energy function, showing less of energy/tem-
perature dependence than any of the above expres-
sions [117–122]. It remains to be seen as to what 
this might imply for the  general applicability of 
the  theories of fermions (‘spinons’) governed by 
the interactions (1) to the analysis of those micro-
scopic models. 

7. Strange metals

The theories of both finite- and zero-density 
spinons have been extensively discussed in the con-
text of the ‘strange metal’ phase in the underdoped 
cuprates and other (arguably, even stranger) heavy-
fermion compounds long before the advent of ho-

lography [5–11]. Once there, the applied hologra-
phy quickly joined the quest into the properties of 
this phase that had long evaded a  consistent and 
satisfactory explanation. Often, the  holographic 
proposals focused on reproducing the  experi-
mental data in the cuprates – and oftentimes even 
claimed achieving a quantitative agreement.

One would have thought, however, that it might 
be rather detrimental for any unproven approach to 
seek out not a mere qualitative but an actual quan-
titative, down to the  number, agreement between 
its specific predictions and some pre-selected sets 
of experimental data. In fact, if such a quantitative 
agreement were indeed achieved, one would have 
even more explaining to do (first and foremost, as 
to why an a priori approximate approach appears to 
be so unexpectedly accurate?).

The earlier discussion of some of the popular ev-
idence in support of condensed matter holography 
and its specific predictions [73–80] can be found 
in Refs. [123, 124]. In particular, it was argued that 
semiclassical holography (or its improvement at 
the level of accounting for the matter back-reaction 
in the Hartree–Fock approximation – which, thus 
far, has been the only practical way of performing 
the holographic calculations [73–104]) would not 
have been expected to provide any quantitatively 
accurate results in the first place.

There are, of course, such obvious differences 
from the  string-theoretical holographic con-
structions as a low physical value of N (which, in 
practice, often amounts to ‘spin up/down’) and 
the lack of Lorentz, translational and/or rotational 
(as well as any super-)symmetries. However, argu-
ably, the most important is the fact that much of 
the condensed matter physics operates in the mod-
erately strong – as opposed to ultra-strong –  in-
teraction regime, while it is only the  latter that 
is supposed to have a  weakly coupled gravity as 
its bulk dual [73–80]. Indeed, most solids form 
under the condition that their potential (interac-
tion) and kinetic energies on average balance each 
other out. This suggests that the ‘bona fide’ strong-
coupling regime could only become attainable in 
some sort of a  ‘flat band’ scenario where kinetic 
energy is completely quenched or, at least, signifi-
cantly diminished.

In light of that, it is unsurprising that much 
of the  recent effort towards implementing such 
mechanism has been centered on the SYK model 
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and its variants [106–113] whose ‘flat band’ nature 
facilitates the existence of a holographic dual. A vi-
able candidate to this role was proposed in the form 
of the  Jackiw–Teitelboim (JT) dilaton-enhanced 
1+1-dimensional gravity [106–113].

It is worth pointing out, though, that at the prac-
tical level all the  holographic matching between 
the SYK and JT theories has been, so far, established 
within their low-energy sectors that are both con-
trolled by a single soft Schwarzian mode (‘bounda-
ry graviton’). So as far as the low-energy properties 
of the two models are concerned, they both allow 
for the same (effectively 0+1-dimensional) descrip-
tion in terms of either a fluctuating 1d boundary or 
Liouvillian-type large-N matrix quantum mechan-
ics [106–113, 125–131]. This is not surprising given 
the  intrinsically non-dynamical nature of 2d (and 
3d) pure gravity. Such a  caveat notwithstanding, 
though, the low-energy SYK-JT equivalence would 
be routinely referred to as a  genuine example of 
holographic correspondence between the  1+1-di-
mensional bulk and 0+1-dimensional boundary 
theories [106–113].

As to the  general HV models (22) and corre-
sponding vacuum metrics (26), the standard list of 
observables to be matched includes temperature-
dependent specific heat

C(T) ~ T(d–θ)/z, (38)

and frequency-dependent optical conductivity

σ(ω) ~ ω(d–2–θ)/z, (39)

determined by the bare scaling dimensions.
In the  underdoped cuprates, much attention 

has been paid to the experimentally observed mid-
infrared algebraic behaviour σ  ~  ω–2/3 [128–134]. 
Using the  dynamical exponent z  =  1/η  =  3/2 de-
duced from Eqs. (4, 5) one finds that it may be pos-
sible to match the conductivity to Eq. (39) provided 
that

θ = d – 1. (40)

Incidentally, this value of the HV parameter was 
previously singled out on the basis of analyzing en-
tanglement entropy [88–100]. Besides, it suggests 
the interpretation of d – θ as an effective number of 
dimensions orthogonal to the FS.

The other frequently invoked relation [73–80, 
88–104] is

z = 1 + θ/d, (41)

in which case the first inequality in Eq. (27) is mar-
ginally satisfied as equality. Notably, in 2d it would 
only be consistent with Eq. (40) for z = 3/2.

However, these values of the  HV exponents 
imply a  sub-linear (electronic) specific heat (38), 
C(T) ~ T2/3, contrary to the experiment which dem-
onstrates a near-linear or, at most, logarithmically 
enhanced, C ~ T ln T, dependence [128–134]. Since 
the low-T specific heat is very unlikely to be domi-
nated by any non-fermionic degrees of freedom, 
this inconsistency could cast additional doubts 
on the  general applicability of the  HV models to 
the cuprates.

Also, from the  beginning of the  cuprates saga 
an even greater fixation has always been on the lin-
ear-T dependence of resistivity, also observed in 
a variety of other materials [128–134]. Of course, 
the conductivity scaling with frequency (39) does 
not readily translate into its temperature depend-
ence, as it would be determined by a specific mech-
anism of momentum relaxation (i.e. Umklapp, 
phonons and/or disorder).

To this end, the use of the memory matrix tech-
nique yielded a proper conductivity scaling [73–80, 
128–134] in both limits of strong,

σs(T) ~ T(θ–2–d)/z, (42)

as well as weak,

σw(T) ~ T2(z–1–Δ)/z, (43)

momentum-non-conserving scattering, where Δ 
is the  dimension of the  leading translation invar-
iance-breaking operator. Formulas (42) and (43) 
agree for Δ  =  z  +  (d  –  θ)/2, and this condition 
coincides with that of the  marginal fulfillment of 
the  Harris criterion for the  disorder scattering to 
become a relevant perturbation.

An alternate interpretation of the linear- resistiv-
ity, σ(T) ~ 1/T, proposed in Refs. [73–80, 128–134] 
relates it to the  FL-like entropy, S(T  ~  C(T)  ~  T. 
This school of thought introduces the  notion of 
inelastic ‘Planckian’ scattering rate as a potentially 
single most important scale for thermalization/



ISSN 1648-8504   eISSN 2424-3647  D.V. Khveshchenko / Lith. J. Phys. 63, 85–104 (2023)94

equilibration/information scrambling (albeit not 
a rate of momentum relaxation) in strongly inter-
acting systems.

Viewed under this angle, the  naive T-depend-
ent counterpart of Eq. (42) reads σ(T)  ~  1/T  2/
zS(T), with the  subsequent limits z  →  ∞, θ  →  –∞ 
and –θ/z → 1 taken [73–80, 128–134]. This extreme 
regime was previously discussed in the context of 
the holographic Gubser–Rocha model [135] which, 
albeit capable of producing the desired 1/T conduc-
tivity and linear-T specific heat/entropy in general 
agreement with the data on cuprates, also predicts 
a  thermal conductivity rising with temperature, 
κ(T) ~ T2 (cf. κ(T) ~ 1/T in FL). Conceivably, even 
stronger deviations could be found in the Hall re-
sponse.

Interestingly, it is the  (admittedly, unphysical) 
model [136, 137] of that so far has managed to re-
produce a longer list of the power-law dependences 
found in the cuprates, as compared to the compet-
ing schemes [128–134]. Unfortunately, such a ser-
endipitous agreement does not offer any immediate 
insight into the underlying mechanism of the NFL 
behaviour in the cuprates.

Furthermore, contrasting the large-r and -τ as-
ymptotics (31) of the HV holographic propagators 
against their eikonal/bosonization counterparts in 
search of some agreement suggests finite positive 
values of θ, contrary to the  ‘Planckian’ scenario. 
This observation might further reduce the chances 
of constructing a consistent HV holographic model 
of the strange metal phase in the cuprates.

In part, the  deficiencies of the  HV-based ap-
proach have been circumvented by the  arrival of 
the  ‘second SYK wave’ [143–153] which utilizes 
the  Hamiltonian obtained from the  conventional 
combination of kinetic (quadratic) and interaction 
(quartic) terms by randomizing the amplitudes of 
either one or both of these terms a la SYK. Mak-
ing such randomization spatially non-uniform 
one opens a  channel for the  non-conservation of 
momentum which then gives rise to the  linear-T 
‘Planckian’ rate (on top of a constant).

Unlike the original SYK model, its refined vari-
ant manages to deliver a linear-T specific heat while 
discovering that the coefficient in front of the puta-
tive ~  ω–2/3 term in the  optical conductivity van-
ishes [143–153]. This is a rather non-trivial finding, 
as the naive evaluation of the optical conductivity 
σ(ω) ~ Im(ω + iΓ(ω))–1 = δ(ω) + Γ(ω)/ω2 + ..., where 

the effective (transport) scattering rate Γ(ω) ~ Σ(ω)
(k⊥/kF)

2  ~  ω4/3 at transferred momenta k⊥  ~  ω1/3, 
would have yielded the  sought-out mid-infrared 
tail on top of the δ-functional Drude peak.

In that regard, it might be worth mentioning 
that after the first announcements of reproducing 
the ~ ω–2/3 behaviour holographically [154, 155] all 
the later inquiries into this issue reported the lack 
thereof [156–158].

Of course, the  very existence of different ex-
planations (cf., for example, Refs. [125–131, 
128–134] and [143–153]) for certain scaling laws 
observed in the cuprates may suggest that their ul-
timate interpretation is yet to be found. It would 
be, therefore, imperative to strive to extend the list 
of matching properties, akin to Refs. [136–142] as 
the means of discriminating between the compet-
ing schemes.

On a related note, it might be worth mentioning 
the recently proposed pseudo-holographic picture 
of incipient superconducting pairing in the strange 
metals [159, 160]. In this scheme, a doubly charged 
probe bosonic field which represents the emergent 
pairing order parameter propagates in the  back-
ground bulk geometry dual to the strange-metallic 
normal state. This bulk geometry was found to be 
the pure AdS4, thus requiring θ = 0, in conflict with, 
both, the asymptotic (39) reproducing the power-
law optical conductivity as well as the  ‘Planckian’ 
scenario.

Moreover, the  asserted holographic construc-
tion of Refs. [159, 160] suffers from other flaws as 
well: for one, the role of the would-be radial vari-
able is played by the difference τ12 between the time 
arguments of a  (generally, non-translationally 
invariant) bi-local field Gsyk(τ1,  τ2) which, unlike 
the  holographic radius u, is not positive definite. 
Besides, this purely kinematic construction is inde-
pendent of the interaction strength and, therefore, 
could be equally well applied to a weakly-coupled 
BCS pairing where no meaningful holographic du-
ality would be expected in the first place.

8. Still stranger things

As per the  above discussion, in the  sole limit of 
N  →  0 without a  concomitant kF  →  ∞ one there 
would be no induced Landau damping term in Eq. 
(1). Instead, the  bosonic field mediating the  in-
teraction (1) acquires its temporal dispersion via 
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the  higher order terms, the  most common being 
a quadratic one, D(ω, k) = 1/(ω2 + k2).

In this case, the  eikonal/bosonization action 
(10) reads

2

eik 2 2

– i
( , ) ~ .

r
S

r

τ
τ

τ +
r  (44)

The propagator (21) obtained with the use of Eq. 
(44) was shown to develop three distinct FS [161, 
162], thus hinting at flattening of the renormalized 
fermion dispersion and bringing about an intrin-
sic instability towards the formation of a ‘flat band’ 
characterized by z > 1 [64, 163].

Interestingly, if the interaction function D(ω, k) 
were to be molded into Eq. (1) by choosing ρ = 2 
and ξ → –∞, the HV exponents would be taking val-
ues z = 1, θ = 0, thus satisfying Eq. (41) but not Eq. 
(40). On the other hand, matching the holographic 
asymptotics (31) would only be possible for θ = 2 
which does not satisfy Eq. (40) either.

The interactions (1) with ξ = ρ = 1 also arise in 
the 2d problem of the half-filled Landau level with 
unscreened Coulomb interactions [17]. The  first-
order self-energy (4) now demonstrates a ‘marginal 
FL’ behaviour

Σ(ω, k) ~ ω ln ω. (45)

In the N → 0 limit, one then obtains the counter-
part of Eq. (11)

eik ( , ) ~ ln – i ,
– i
rS r

r
� �

�
r  (46)

which would be marginally consistent  –  as far as 
the  overall power-counting is concerned  –  with 
the holographic action (31) that would yield mere 
constants (or, at most, logarithms) for z  =  1 and 
θ = 0 in both large-r and -τ limits.

Similar to the discussion of the case ξ = 1, it has 
been argued that the behaviour (46) can only de-
velop in some intermediate regime. By contrast, 
at the  longest times an essentially free algebraic 
behaviour, G(τ,  r  → 0) ≈ G0(τ,  r  → 0), was found, 
whereas at large distances the propagator was pre-
dicted to experience no more than a  logarithmic 
suppression, G(τ → 0, r) ≈ G0(τ → 0, r)/ln r [22].

Likewise, the  ‘marginal FL’ self-energy (45) 
and corresponding eikonal behaviour (46), which 
are suggestive of the  HV parameters z  =  1 and 
θ = 0, can emerge in all the other situations where 

ρ = d – 1 while ξ is arbitrary. The list includes the fi-
nite density QED4 [1–3] and weak-coupling QCD4 
[4] which, historically, offered the  first glimpses 
into the Mother-of-all NFL problem.

Yet another physically relevant example of 
the 2d interaction (1) with ρ = 2, ξ = 0 corresponds 
to the  so-called ‘spin-fermion’ model of itinerant 
fermions coupled by antiferromagnetic fluctua-
tions where the momentum k is measured with re-
spect to the AFM ordering vector [164–166]. Ne-
glecting the  (in fact, all-important) complications 
associated with a non-circular shape of the realistic 
FS one computes Eq. (10) in the form

eik 1/2( , ) ~ ,
– i

rS
r

τ
τ

r  (47)

consistent with the  self-energy Σ(ω)  ~  ω1/2. This 
asymptotic also differs from its would-be holo-
graphic counterpart (31) with the HV parameters 
z = 1/η = 2 and θ = d(z – 1) = 2 chosen in accord-
ance with Eqs. (4) and (41), respectively. As far as 
the  applications are concerned, it might also be 
relevant to the  normal skin effect in disordered 
metals at the  momenta smaller than the  inverse 
mean free path.

Switching gears, the  continuing interest in 
graphene and other 2d and 3d (semi)metals – as 
well the earlier examples of 1d metals (e.g. carbon 
nanotutes) and gapless 2d high-Tc superconduc-
tors  –  brought out the  problem of (pseudo)rela-
tivistic Dirac/Weyl fermions with isolated Fermi 
points and/or long-range interactions. In those 
constructions that involve physical (electrically 
charged) electrons, their 3d Coulomb interaction 
does not get effectively screened, as compared to its 
bare form, D(ω, k) ~ 1/kd–1.

Also, the  theory of compressible even-denom-
inator QHE states, that were originally described 
in terms of the finite density ‘composite fermions’ 
[17], was later reformulated to elucidate its hidden 
Dirac properties [167–170].

In 1d the  pseudo-relativistic behaviour sets in 
generically in the presence of partially filled bands. 
By using the standard bosonization one readily ob-
tains the faster-than-algebraic decay of the propa-
gator [171]

Gbos(τ, x) ~ exp(–ln3/2|x – iτ|), (48)
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that can be thought of as the 1d analogue of the Mott 
insulating state. Considering that in 1d no Landau 
damping can occur, the formal values of the HV ex-
ponents, z = 1 and θ = 0, obtained from Eqs. (4) and 
(41) for ρ = 0 and ξ → –∞ yield the asymptotics (31) 
whose power counting is roughly consistent with 
Eq. (48).

Lastly, one can mention the putative U(1)- and 
SU(2)-invariant gauge theories of (pseudo)relativ-
istic neutral and massless fermions (spinons) in 
the  hypothetical quantum spin liquids [5–11]. In 
such QED3-like theories, a  sensible gauge-invari-
ant – and potentially measurable in, e.g. the ARPES 
experiments – fermion amplitude was proposed in 
the form

( , )

(0, )
i d †

inv ( , ) ( , )e (0, ) ,
A

G
τ µ

µ
τ ψ τ ψ∫= 〈 〉

r

0
x

r r 0    (49)

which includes a  phase factor accumulated along 
the Wilson line connecting the end points. The am-
plitude (49) was claimed to demonstrate a stronger 
suppression (faster decay) with the Euclidean inter-
val 2 2s r τ= + , as compared to the free propagator 
[172–174].

In particular, choosing Γ to be the  classical 
straight-line trajectory was argued to result in 
the  gauge-invariant propagator Ginv(s)  ~  1/sd+η3

 
with a  positive anomalous dimension η3  ~  1/N 
[172–174]. Qualitatively, this power-law behaviour 
implying a logarithmic extremal action could, once 
again, be compared to the  holographic formulas 
(31) with θ = 0, and this value would then be con-
sistent with the absence of extended FS.

Contrary to the  original expectations, though, 
the  amplitude (49) was shown to manifest η3 <  0 
under the use of a gauge invariance-preserving reg-
ularization scheme [175–180].

Obviously, being just one (albeit a rather natu-
ral one) out of infinitely many other gauge-invar-
iant amplitudes the function (49) may not be nec-
essarily representative of the general behaviour. In 
fact, its dependence on the contour Γ is somewhat 
reminiscent of that on the  gauge in the  case of 
the ordinary (non-gauge-invariant, albeit unique) 
propagator.

It appears, however, that the important concep-
tual problem of identifying the  proper candidate 
for the  true physical propagator still remains un-
solved. Nevertheless, based on the earlier studies of 
massive QED4 [181], one would surmise that such 

an amplitude might show a  faster-than-algebraic 
‘super-Luttinger’ decay [175–180]

Ginv(s) ~ exp(–ln2 s). (50)

Also, by analogy with the aforementioned prob-
lem of non-relativistic (finite density) fermions 
subject to RMF scattering the  task of computing 
physically relevant gauge-invariant fermion am-
plitudes can be addressed in the case of finite tem-
peratures or, equivalently, static (quenched) QED3 
as well. It turns out that the Dirac counterpart of 
this problem allows for a  non-perturbative solu-
tion, too. It can be used in such physically relevant 
situations as the  properties of normal quasiparti-
cles in the vortex line liquid phase of d-wave super-
conductors [182] or electron transport in graphene 
under the  influence of thermal shape fluctuations 
(in- and out-of-plane phonons) [184, 185].

9. Summary

A comparison between the  asymptotics of 
the  simplest one-particle amplitudes of fermions 
with the  physically relevant interaction (1) ob-
tained by several techniques, including such ex-
perimental ones as d  >  1 bosonization and ‘bot-
tom-up’ holography, demonstrates a rather mixed 
level of success. The highest chances of achieving 
their general agreement (if any) could be found in 
those situations where the  large-distance, short-
time behaviour is algebraic, requiring a vanishing 
HV parameter θ as a necessary condition. In turn, 
the non-algebraic holographic asymptotics devel-
oping for θ  ≠  0 tend to be expressly symmetric 
with respect to exchanging r and τ1/z while their 
eikonal/bosonization counterparts are not. Fur-
thermore, their non-algebraic behaviour would be 
restricted to some intermediate distances/times 
once the FS curvature is taken into account.

Importantly, even a  perfect match between 
the  holographic and some other (believed to be 
comparatively better established) results would 
not provide a firm justification for the holograph-
ic technique itself. Indeed, any results obtained 
under the assumption of a purely classical (non-
dynamical) background metric – the assumption 
that is overwhelmingly common to the  practical 
applications of the holographic approach – would 
only pertain to its ‘light’ version, as opposed to 
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the  full-fledged one. As to the  possible desk-top 
simulations of such a  ‘holography light’ scenario, 
those have been proposed for several platforms, 
including flexible graphene flakes [186] and hyper-
bolic metamaterials [187].

Projecting into the  future, it seems quite likely 
that the ultimate theory of correlated quantum mat-
ter will eventually assume a form akin to quantum 
hydrodynamics formulated in terms of the  mo-
ments of quantum distribution function [188]. 
Such a collective-field description of the bulk (a.k.a. 
‘phase’) space with the d-dimensional momentum 
providing for the extra dimensions could be equally 
well called either bosonization, or holography. Re-
gardless of its moniker, though, taking a full advan-
tage of this formally exact approach might turn out 
to be difficult, especially in the physically relevant 
cases of N ~ 1 and moderate coupling strengths.

Nevertheless, there still seems to be no good rea-
son neither for this theory to conform to anything 
as specific and convenient as the EMD Lagrangian 
(22), nor for the  corresponding holographic dic-
tionary to be copy-pasted ‘ad verbatim’ from string/
HEP theory.
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