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The impact of group velocity dispersion (GVD) on femtosecond laser filamentation with the higher-order Kerr 
effect is studied at different atmospheric pressures. The results show that GVD makes the collapse distance to not 
meet the semi-empirical formula proposed by Dawes and Marburger, suppresses multiple focusing and splitting in 
time during the propagation process, and reduces the length of filament. In addition, we also compared the results 
with those considering only the third-order Kerr effect. This provides some information for the study of whether 
the defocus effect in the femtosecond laser filamentation is the higher-order Kerr effect or the plasma effect.
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1. Introduction

For a long time, it is believed that the intense fem-
tosecond laser pulse is not suitable for long-dis-
tance transmission in gas due to the  linear effects 
such as the beam diffraction effect and the group 
velocity dispersion (GVD) effect. However, Braun 
et al. got the opposite result when they used the in-
tense infrared femtosecond pulse to do experi-
ments [1]. They found that the pulse intensity did 
not decrease after propagating for a  distance, but 
increased. At about 10 m from the laser output end, 
the  air molecules were even ionized and formed 
a bright plasma channel nearly 20 m long, which 
shows that the  femtosecond laser pulse does not 
have dispersion in this region and maintains high 
intensity transmission. This is the first time to ob-
serve the  laser filamentation phenomenon in air. 
After that, Nibbering and Fontaine et al. even ob-
served filaments with a length of more than 50 m 
in optical experiments [2, 3].

According to the results of the above experimen-
tal observations, it has been known that whether 
the  intense femtosecond laser can be transmitted 

in the gas medium for a long distance depends on 
the  formation of the  filament, and the  laser fila-
ment contains a variety of physical processes, such 
as the nonlinear Kerr effect, multi-photon ioniza-
tion, plasma defocusing, etc. Now there are two 
different views on the internal physical mechanism 
of filament formation. One is the classical model, 
which believes that the  generation of filaments is 
due to the existence of third-order nonlinear Kerr 
effect, which makes the  laser pulse produce non-
linear self-focusing. At the same time, the intense 
laser pulse ionizes the air to produce plasma, and 
the plasma has the defocusing effect on the  laser. 
When the  third-order nonlinear self-focusing ef-
fect and the plasma defocusing effect interact and 
reach the  dynamic equilibrium, the  laser beam 
can form a  long plasma channel (i.e. filament) in 
air, which makes the  transmission of a  strong la-
ser in the  atmosphere reach a  stable state. Many 
scholars have always recognized this view and have 
done a lot of research work [4–8]. After Loriot et al. 
measured the  high-order Kerr coefficients in N2, 
O2, argon and air [9, 10], people turned their at-
tention to the  high-order Kerr effect. Béjot et al. 
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considered the higher-order Kerr effect (HOK mod-
el) in the numerical simulation of the intense fem-
tosecond laser propagation in the  gas. They found 
that the higher-order terms of the nonlinear refrac-
tive index are in the dominant position (n2 and n6 are 
positive focusing, n4 and n8 are negative defocusing), 
that is different from the defocusing role of plasma 
in the  classical model, which shows that plasma 
is not a  necessary condition for the  generation of 
femtosecond filaments [11]. This new theoretical 
model of filamentation quickly attracted the  inter-
est of many scholars [12–19]. Loriot et al. found that 
plasma defocusing mainly acts on short wavelength 
and long pulse width laser pulses, while the higher-
order Kerr effect mainly acts on long wavelength and 
narrow pulse width laser pulses [13], and Béjot et al. 
verified this conclusion through experiments [15]. 
In addition, when using the HOK model to simulate 
the evolution of the internal peak intensity of the fil-
ament in femtosecond laser argon [16], it was found 
that the phenomena such as pulse self-compression 
[20] and pulse splitting [21] would not occur, which 
is inconsistent with the experimental results. How-
ever, using the classical model, a good fitting result 
can be obtained. It can be seen that the contribution 
of higher-order nonlinear Kerr effect to the refrac-
tive index in argon is overestimated, and plasma still 
plays a major role in the defocusing process. There-
fore, there is still a  certain degree of controversy 
about whether the plasma or the n4 and n8 terms in 
the higher-order Kerr effect play a defocusing role, 
and so far there is no final conclusion.

Whether in the  classical model or the  HOK 
model, laser filamentation is caused by the interac-
tion of nonlinear effects. Researchers rarely consid-
er linear effects, such as GVD. This is because GVD 
is too small in gas, it cannot play an important role 
in preventing laser collapse [22]. But when investi-
gators began to pay attention to the influence of at-
mospheric pressure on laser filamentation [23–27], 
some studies found that the higher the atmospheric 
pressure, the greater the influence of GVD on laser 
filamentation [28]. However, up to now, there are 
some disputes about whether to use the  classical 
model or the  HOK model, so it is appropriate to 
use the HOK model to study the influence of GVD 
on the femtosecond laser filamentation at different 
atmospheric pressures.

In this paper, we will use the HOK model to sim-
ulate the propagation process of femtosecond laser 

in the atmosphere, study the influence of GVD on 
laser filamentation under different atmospheric 
pressure and compare the results with the classical 
model. The subsequent structure of this paper is as 
follows: the  second  section introduces the  non-
linear Schrödinger equation (NLSE) of intense 
femtosecond laser propagation in the atmosphere, 
the third section gives the results of numerical sim-
ulation, and the fourth section gives conclusions.

2. Propagation equation

The propagation equation of the intense femtosec-
ond laser in air can be described by the nonlinear 
Schrödinger equation (NLSE) including linear and 
nonlinear effects. With the z axis as the propaga-
tion direction, the 2D+1 propagation equation can 
be written as follows [18, 29, 30]:
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Here E is the electric field, the laser intensity I = |E|2, 
k0 = 2πn0/λ0, ω0 = 2πc/λ0, λ0 is the wavelength, k′′ is 
the  second-order dispersion coefficient, ω2  =  ρe2/
meε0 (ρ, me, e are the electron density, electron mass 
and electron charge, respectively), ρat is the neutral 
atoms density, β(K) is the  nonlinear coefficient for 
K-photon absorption [31], and ∆NKerr is the nonlin-
ear Kerr effect term. When the delayed Kerr effect 
is considered, ∆NKerr can be expressed as [11, 32, 33]
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r  =  1  mm is the  beam waist. The  critical power 
Pcr = 3.77λ2

0/8πn0n2, and Pin = 4Pcr. The parameter 
value used in this paper is shown in Table 1. P is 
the ratio of pressure to standard atmospheric pres-
sure [34].

In the  numerical simulation of this paper, we 
mainly consider three atmospheric pressures: 1, 2 
and 5 atm, namely P = 1, 2 and 5.

Table 1. The parameter values.
Parameter Value

λ0 (nm) 800
k′′ (fs2cm–1) 0.2P

K 10
β(K) (cm–17W–9) 1.27P × 10–126

ρat 2.7P × 1025

n2 (cm2W–1) [9] 1.2P × 10–19

n4 (cm4W–2) –1.5P × 10–33

n6 (cm6W–3) 2.1P × 10–46

n8 (cm8W–4) –0.8P × 10–59

τK (fs) [33] 70
f [35] 0.5

3. Results and discussion

Figure 1 shows the evolution of the on-axis intensi-
ty, plasma density and the beam radius of laser pulse 
with the propagation distance z at 1, 2 and 5 atm 
in two cases, with and without GVD, for the classi-
cal model (three rows above) and the HOK model 
(three rows below). It can be seen from Fig. 1 that 
in the classical model the clamping intensity basi-
cally does not change with the  increase of atmos-
pheric pressure, the beam radius is inversely pro-
portional to atmospheric pressure, and the plasma 
density is proportional to atmospheric pressure. 
The above results have no relationship with wheth-
er to consider GVD. However, GVD has a  great 
impact on Lc (Lc is the  collapse distance). GVD 
makes Lc to meet the semi-empirical formula [31] 
no longer, but increases with the increase of atmos-
pheric pressure. These results are consistent with 
the  previous results [28]. In the  HOK model, we 
observed the same results as in the classical model. 
Hence, GVD has the same effect on the on-axis in-
tensity, plasma density, beam radius and Lc in both 
the HOK model and the classical model.

Figure 2 shows the  evolution of the  time pro-
files of the laser pulse with the propagation distance 
z at different atmospheric pressures in two cases, 
with and without GVD, for the classical model (two 
rows above) and the HOK model (two rows below). 
It can be seen from Fig. 2 that in the classical model 
the same results of the cases, with GVD and with-
out GVD, are the  following: the  laser pulse splits 
in time, a ‘dip’ structure appears [36], and the ‘dip’ 
width decreases with the  increase of atmospheric 
pressure. The difference is that in the case without 
GVD the laser pulse will split again in time at ‘dip’, 
while in the case with GVD it will not. Therefore, 
the GVD will inhibit the time splitting of laser pulse 
at ‘dip’. In the HOK model, the laser pulse will split 
in time whether GVD exists or not, and in the case 
without GVD, the laser pulse will undergo multiple 
focusing and splitting with time in the  propaga-
tion direction. Therefore, the  impact of GVD on 
the laser filamentation in the HOK model is to sup-
press multiple focusing and splitting in time during 
the  propagation process, which is different from 
the  impact of GVD on the  laser filamentation in 
the classicl model.

Figure 3 shows the evolution of the radial pro-
files of the laser pulse with the propagation distance 
z at different atmospheric pressures in two cases, 
with and without GVD, for the classical model (two 
rows above) and the HOK model (two rows below). 
As can be seen from Fig. 3, whether in the classical 
model or the HOK model, when considering GVD, 
the  laser pulse can only form a  short filament in 
the  atmosphere, and this phenomenon becomes 
more obvious with the  increase of atmospheric 
pressure. When GVD is not considered, a  very 
long filament can be observed in both the  classi-
cal model and the HOK model. The only difference 
is that continuous and stable filaments are formed 
in the HOK model, while discontinuous filaments 
are formed in the classical model. This is because 
the  laser filamentation in the HOK model mainly 
depends on the  higher-order Kerr effect, which 
does not change with atmospheric pressure and 
propagation distance, and the light intensity is rela-
tively stable. For the classical model, the defocus-
ing effect mainly depends on the  plasma, and its 
density depends on the  propagation distance and 
atmospheric pressure, which leads to the instability 
of light intensity, so there is a  discontinuous fila-
ment.
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Fig. 1. Evolution of the on-axis intensity (a, a′), plasma density (b, b′) and the beam radius 
(c, c′) of the laser pulse with the propagation distance z at different atmospheric pressures in 
two cases, with (a–c) and without (a′–c′) GVD, for the classical model (three rows above) and 
the HOK model (three rows below).
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Fig. 2. Evolution of the time profiles of the laser pulse with the propagation distance z 
at different atmospheric pressures in two cases, with and without GVD, for the classical 
model (two rows above) and the HOK model (two rows below).
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Fig. 3. Evolution of the radial profiles of the laser pulse with the propagation distance z 
at different atmospheric pressures in two cases, with and without GVD, for the classical 
model (two rows above) and the HOK model (two rows below).
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4. Conclusions

In this paper, the  classical model and the  HOK 
model are used to numerically simulate the  in-
fluence of GVD on femtosecond laser filamenta-
tion. The on-axis intensity, plasma density, beam 
radius, collapse distance Lc, the  time profile and 
radial profile of the laser pulse are studied, respec-
tively, and compared with the results of numerical 
simulation using the classical model. The follow-
ing conclusions are obtained: 

(1) In the HOK model, GVD has no effect on 
the relationship between three aspects (clamping 
intensity, plasma density and beam radius) and 
atmospheric pressure, but only on the  relation-
ship between Lc and atmospheric pressure. When 
GVD exists, Lc increases with the  increase of at-
mospheric pressure, which does not conform to 
the semi-empirical formula. These results are ba-
sically the same as those of the classical model. 

(2) In the HOK model, GVD suppresses multi-
ple focusing and splitting in time during the prop-
agation process, while in the classical model, GVD 
suppresses the time splitting of laser pulse at ‘dip’.

(3) In the classical model and the HOK model, 
GVD reduces the length of filament. However, in 
the  HOK model, GVD reduces continuous and 
stable filaments, while in the  classical model, 
GVD reduces discontinuous and unstable fila-
ments. Through this study, we give the difference 
and connection between the classical model and 
the HOK model to study the influence of GVD on 
laser filamentation, which will provide a theoreti-
cal basis for the correct model to study laser fila-
mentation in the future.
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