
Lithuanian Journal of Physics, Vol. 61, No. 4, pp. 215–221 (2021) 
© Lietuvos mokslų akademija, 2021

THE BROADENING OF THE OPTICAL PARAMETRIC 
AMPLIFICATION BANDWIDTH CAUSED BY IDLER WAVE 

ABSORPTION

G. Valiulis and A. Varanavičius

Laser Research Center, Vilnius University, Saulėtekio 10, 10223 Vilnius, Lithuania
Email: gintaras.valiulis@ff.vu.lt

Received 21 May 2021; revised 30 August 2021; accepted 1 September 2021

The amplification bandwidth of an optical parametric amplifier (OPA) defines the duration of the signal and idler 
pulse. Usually the OPA bandwidth is described by material dispersion and interaction geometry. The absorption of 
interacting waves is detrimental to the amplification process. However, even in the case of a large linear absorption 
of the idler wave it is still possible to get an effective amplification and a positive effect to the amplifier bandwidth. In 
the current work, we investigate the influence of idler wave linear losses on the OPA bandwidth.
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1. Introduction

The optical parametric amplification process is an 
effective method to generate tunable light radia-
tion and can provide large amplification bandwidths 
needed for the formation of ultrashort (a few fem-
tosecond) light pulses [1]. The  waves amplified 
by pump wave (higher carrier frequency wave) in 
an optical parametric amplifier (OPA) are called 
a signal and an idler, and both of them can be use-
ful for applications. Usually, it is a  common opin-
ion that the absorption of signal and idler waves is 
a  detrimental phenomenon, limiting the  efficiency 
of the  OPA. A  couple of decades ago, Lowenthal 
studied the  influence of idler wave absorption on 
the OPA process in a continuous wave regime. This 
study showed that some idler absorption might even 
improve the  signal output power [2]. The  pulsed 
OPA regime was studied by Lyons et al. for a singly 
resonant OPA through numerical simulations and it 
was found that back conversion could be significant-
ly affected by idler absorption [3]. In Ref. [4], it was 
demonstrated numerically that OPA with a  large 
absorption of the idler beam might perform better 
than without idler absorption in terms of both signal 

conversion efficiency and signal beam quality due to 
the  reason that idler absorption can suppress back 
conversion. The chirped pulse amplification was in-
vestigated also experimentally in a Sm3+-doped yt-
trium calcium oxyborate crystal [5]. In this work, we 
present an analysis of how idler absorption affects 
the amplification bandwidth of OPA.

2. The bandwidth of OPA

In order to show the  influence of absorption on 
the  bandwith of optical parametric amplification 
(OPA), we will start with the  equations describing 
the OPA process
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where Aj(t, z) is the wave complex amplitude, t is 
the  retarded time (corresponding to the  coordi-
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nate frame moving with the pump wave), and z is 
the  longitudinal coordinate. j = 1, 2 and 3 stand 
for signal, idler and pump waves, respectively. 
νj3  =  uj

–1  –  u3
–1 are the  coefficients of group veloc-

ity mismatch (GVM), uj is the  group velocity of 
wave j calculated at the  carrier frequency ωj0, and 
for the  carrier frequencies we have the  constraint 
ω10  +  ω20  =  ω30, typical of the  three-wave interac-
tion process. Parameters gj = d2k /dω2|ωjo

 are the co-
efficients of group velocity dispersion (GVD), kj is 
the  absolute value of the  wave j axial wave-vector, 
and σj is the nonlinear coupling coefficient. Note that 
the material dispersion is taken into account up to 
the second order.

In the  case of a plane, monochromatic and 
undepleted pump wave (|A1|,  |A2|  ≪  |A3|, A3  = 
const. = a3) instead of Eq. (1) we have a system of 
two linear equations:
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The solution of the set of equations (2) can be 
found in the  spectral domain using the  Fourier 
transform
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By substituting this expression for A in Eqs. (2) 
we obtain the set of ordinary differential equations 
in the spectral domain. The exact analytic solution 
of these equations can be found. In the case of a large 
gain, when Γ0z ≫  1 ( 0 1 2 30Γ a� �� ) and when 
A20(t) = A2(t, z = 0) = 0, S20(ω) = S2(ω, z = 0) = 0, 
the approximate solution (assuming Γ0z ≫ 1) is 
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with the introduced coefficients
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where 0 1 2 30Γ a� ��  is the  parametric gain in-
crement for the case of plane and monochromatic 
waves. From the analysis of Eqs. (4–7) the follow-
ing conclusions can be done.

First, as can be seen from Eqs. (4), the signal and 
idler waves are conjugated (the second equation of 
Eqs.  (4) in the  temporal domain corresponds to
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≈  thus we have the  phase 

conjugation for signal and idler waves: φ2(t,  z)  = 
–φ1(t, z) (also known as chirp reversal phenomena).

Second, the  parameter D(ω), i.e. the  so-called 
nonlinear dispersion, describes the  evolution of 
the  spectral phase during propagation, whereas 
the  parameter Γ(ω) defines the  gain of spectral 
components. The gain bandwidth of the paramet-
ric amplifier becomes infinite if the  gain for all 
the spectral components is uniform: Γ(ω) = const. 
This condition requires K(ω) = 0. Such condition 
could be satisfied in OPA with angularly dispersed 
waves (X pulses, for example) [6]. In collinear OPA, 
without wave front tilting and a large beam diame-
ter, the  condition K(ω)  =  0 becomes impossible 
due to the material dispersion and a narrow angu-
lar spectrum. It can be approximately fulfilled just 
in the  vicinity of the  carrier frequency. However, 
if the  width of the  gain Γ(ω) is much larger than 
the  bandwidth of the  amplified pulse, all spectral 
components of the pulse have a nearly uniform am-
plification. By using Eqs. (5) and (6) under some as-
sumptions, and considering just the first dispersion 
approximation (K0(ω) = 1/2(ν12ω)), it is possible to 
derive the well-known expression for the OPA am-
plification bandwidth Δωopa:
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As can be seen from Eq. (8), the OPA bandwidth 
within the first dispersion approximation is defined 
by the group mismatch ν12 between signal and idler 
pulses, which becomes negligible near the  type  I 
degenerate phase matching ω10  ≈  ω20, and, con-
sequently, the  second-order dispersion becomes 
the factor that limits the bandwidth of OPA. How-
ever, far from a  degenerate interaction the  group 



G. Valiulis and A. Varanavičius / Lith. J. Phys. 61, 215–221 (2021)3

velocity mismatch between signal and idler waves 
is the major factor limiting the amplification band-
width.

Note that the  pulse amplified in OPA possess-
es some extra dispersion that does not coincide 
with the material dispersion, or in other words, is 
modified by nonlinearity. That so-called nonlinear 
dispersion is taken into account via the parameter 
D(ω). As can be seen from Eq. (7), due to that cir-
cumstance, both signal and idler waves propagate 
with the same group velocity (defined by the aver-
aged group mismatch parameter (ν13 + ν23)/2), hav-
ing suppressed GVD (if both GVD parameters 𝑔1 
and 𝑔2 are of the same sign). Near type-I degenerate 
phase matching 𝑔1 ≈ 𝑔2, thus that suppressed GVD 
both for the  signal and the  idler becomes nearly 
zero ( 1 2 0

2
−

→
g g ). However, for extremely short 

pulses the averaged third-order dispersion is com-
mon for both signal and idler waves and should be 
taken into account for OPA.

3. The influence of linear absorption on the OPA 
bandwidth

Let us discuss the influence of linear absorption on 
the parametric amplification process. To take dissi-
pation into account in the spectral domain we sim-
ply need to modify the parameters K(ω) and D(ω) 
by adding imaginary terms responsible for the ab-
sorption of signal and idler waves. In the  case of 
frequency-dependent absorption this corresponds 
to the inclusion of extra terms ( ) ( )
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of equations (2), or simply just the  αjAj term for 
the  case of nondispersive dissipation (αj(ω)  =  αj). 
Thus, in the dissipative media the parameters K(ω) 
and D(ω) become complex:
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Here K0(ω) and D0(ω) denote the  same coeffi-
cients as in the non-dissipative medium:
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So linear absorption is taken into account via 
the  coefficients α1(ω) and α2(ω) calculated at sig-
nal and idler frequencies: α1(ω)  =  α(ω10 +  ω) and 
α2(ω)  =  α(ω20 −  ω), where α(ω) is the  frequency-
dependent linear absorption coefficient of the me-
dium.

In the  non-dissipative medium, the  parame-
ter K(ω) = K0(ω) defines the gain dependence on 
the frequency ω, i.e. the amplification bandwidth, 
and parameter D(ω)  =  D0(ω) defines the  spectral 
phase dependence on the frequency ω, i.e. the non-
linear dispersion emerging in OPA. The linear ab-
sorption makes these parameters complex quanti-
ties, thus the parameter K(ω) gives the  imaginary 
term to the gain parameter Γ(ω) and in such a way 
affects the spectral phase. In a similar way, the im-
aginary part of D(ω) affects the  gain. However, if 
the absorption coefficients for signal and idler waves 
are nearly equal, α1 ≈ α2 ≈ α, just the imaginary part 
of D(ω) becomes significant and gives the  reduc-
tion of the gain both to the signal and idler waves 
(since Γ(ω) remains unmodified, D(ω)  ~  –  iα(ω) 
gives an extra term to G(ω)):
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As one can see, the  gain increment G(ω) con-
tains the term –α(ω) responsible for the gain reduc-
tion both for signal and idler waves.

Let us focus now on the case of amplification far 
from degeneracy when the  idler waves slip out of 
a transmission window while the losses for the pump 
and signal are negligible. For this case, we assume 
that α2 ≫ α1 ≈ 0. As can be seen from the analysis 
of the solution in the case of non-symmetric losses, 
the OPA possesses some interesting features. In or-
der to demonstrate these features, we recast Eq. (4) 
by using Eq. (5) and substituting Eqs (9–12):
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Equation (15) remains unchanged (as Eq. (13)), 
but G(ω) incurs significant modifications. Several 
conclusions can be drawn.

Since K0(0)  =  0, the  gain coefficient G(ω) re-
mains positive regardless of the  amount of idler 
absorption.

In the case of K0(ω) ≪ α2(ω) when the idler wave 
absorption is dominant over material dispersion, 
instead of Eq. (16) we have
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In the current situation, the material dispersion 
does not define anymore the  gain spectral width 
(via coefficient K0(ω)) and the  OPA bandwidth, 
respectively. Moreover, even in the  case of a  very 
large absorption (Γ0 ≪ α2), the OPA still performs 
the exponential amplification:
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However, as can be seen from Eq. (17), for a very 
large absorption the  OPA gain coefficient drops 
from the maximum possible value Γ0z by the factor 

� �
0

2

Γ
.
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 Despite that, the same amplification as in 

a lossless medium can also be achieved in the ab-
sorbing material, but in a longer propagation path.

In the  case when idler wave absorption is 
large and nearly independent of frequency 
(K0(ω) ≪ α2(ω) = α2 = const.), the gain during para-
metric amplification becomes also nearly independ-
ent of the frequency ω (see Eqs (16–18)), i.e. the gain 
bandwidth becomes broader (or even unlimited).

Therefore, in the case of a  large idler wave ab-
sorption a parametric amplifier sustains exponen-
tial gain with a broadened amplification bandwidth. 
This implies that despite large losses, pulse spectral 
components could be amplified to the same level as 
in the lossless medium.

4. Numerical demonstration

Since in the  presence of absorption there is no 
possibility to derive an accurate equation (simi-
lar to Eq. (8)) for the bandwidth even taking into 

account the first dispersion approximation (when 
K0(ω) =1/2(ν12ω)), the analytical results presented 
here have been reproduced by numerical simu-
lations by means of a  split-step [7] code solving 
the  system of Eqs.  (1) and taking into account 
the  medium parameters. The  crystal was divided 
into a number of slices. Each slice was passed twice: 
linear effects (diffraction, material dispersion 
and linear loses) were taken into account during 
the first pass, while the material nonlinearity dur-
ing the  second pass. The  linear wave propagation 
was handled in the Fourier space, however the non-
linear part in the near field using the fourth-order 
Runge–Kutta method.

The group-velocity-mismatch parameter νj3 was 
taken into account via the  group-velocity-mis-
match length Lj3 = τ0/νj3 calculated for the τ0 = 1 ps 
pulse, and the  group-velocity-dispersion param-
eter 𝑔j via the GVD length L𝑔j

 = τ2
0/(4ln2𝑔j) , which 

defines the  distance over which the  duration of 
the Gaussian τ0 = 1 ps pulse increases by a  factor 
of 2 . The nonlinearity of the medium was taken 
into acount by introducing the  nonlinear length 
Ln  =  (Γ0)

–1, where A0 is the  pulse amplitude cor-
responding to the  pulse intensity of 1  GW/cm2. 
The parameters of linear losses αj were taken into 
account through the absorption length Lαj

 = (2αj)
–1, 

defined as the  distance over which the  intensity 
drops by a factor of e, due to the absorption in a lin-
ear medium.

Numerical simulations were performed using an 
artificial crystal with made-up dispersion, absorp-
tion losses and nonlinearity. The GVD was switched 
off for the possibility to compare the numerical re-
sults with the analytic formula of Eq. (8) as a refer-
ence point for the lossless case. The group velocity 
mismatch was taken into account via group-veloc-
ity-mismatch lengths: L13 = –50 mm for the signal 
and L23 = 50 mm for the idler. The idler wave ab-
sorption was varied from α2 = 0 mm–1 (Lα2

 = ∞ mm) 
to α2 = 50 mm–1 (Lα2

 = 0.01 mm). For the sake of clar-
ity we chose the pump wavelength 515 and 607 nm 
for the signal. For the pump intensity 50 GW/cm2, 
the  nonlinear length is Ln  =  0.40  mm. We recast 
Eq.  (8) by use of the  above defined characteristic 
lengths. Thus, for the amplification bandwidth (in 
cm–1) we have 

1 12
opa

2 ln2Δ cm .
0.03 /n n

L
L z L
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�
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For the  lossless medium with the  values of 
the parameters presented above we obtain Δνopa = 
435 cm–1 from Eq. (19).

The results of numerical calculations repre-
senting the  influence of idler wave absorption on 
the  amplification bandwidth are shown in Fig.  1. 
When performing the  simulation, the  signal am-
plification ratio of 104 was fixed and the  length of 
the  crystal was gradually increased from 2.6 to 
41.5 mm in accordance with raising of the absorp-
tion parameter α2 from 0 to 50  mm–1. The  initial 
duration of the  injected signal pulse was 10  fs. 
The amplification bandwidth dependence on α2 is 
shown in Fig. 1 (a black line). As can be seen for 
α2 = 0, we obtain the value Δνopa = 430 cm–1 as pre-
dicted by Eq.  (19). The  bandwidth is broadening 
when the α2 value is increasing, and becomes more 
than 3 times larger when α2 = 50 mm–1. The ampli-
fied signal pulse remains transform-limited, with 
the duration supported by the amplification band-
width (see Fig. 2, a black line).

The results of simulations show that the  gain 
bandwidth broadening of the case with the 5 times 
larger first-order dispersion is presented in the in-
set of Fig. 1. For the pump intensity 70 GW/cm2, 
the nonlinear length is Ln = 0.34 mm. Equation (19) 
gives the value Δνopa = 90 cm–1 in this case. It should 
be noticed that the effect of bandwidth broadening 

also takes place within the  second of even higher 
dispersion approximation, and the  dynamics de-
pends on a larger set of parameters.

However, there is another way to simulate para-
metric amplification in the case of large idler losses 
by using multi-pass OPA in a short crystal, every 
time quenching the idler wave at the output. The ef-
fective absorption can be simulated by shortening 
the crystal and increasing the number of passes (in 
order to get the  same amplification). For the  pa-
rameters chosen above we introduce the  effective 
absorption coefficient for the  multipass system: 
α2

ef f = 3,6/Lp, where Lp is the crystal length in mm. 
We performed calculations with nine different Lp 
values (0.6, 0.5, 0.4, 0.35, 0.3, 0.25, 0.2, 0.15 and 
0.125 mm), increasing the number of passes from 
6 to 104 in order to obtain the same amplification. 
The results are presented by red squares in Figs. 1 
and 2. As can be seen from the multi-pass system, 
the results perfectly render the case of the single-
pass system.

We should note that the  analysis presented in 
the current work is performed for the case of un-
depleted OPA. Our preliminary results show that 
the  idler wave absorption also significantly affects 
the performance of OPA when the energy transfer is 
not negligible. The losses imposed on the idler allow 
us to suspend the back-conversion process leading 
to higher energy conversion from pump to signal ef-
ficiency. These findings and discussion of the prac-
tical implementation deserve a separate paper. 

Fig. 1. Dependence of the  amplification bandwidth 
on the  absorption coefficient. Squares (red online) 
represent the  results of simulation using multi-pass 
configuration. The  inset: OPA bandwidth depend-
ence on the absorption coefficient for the case with 5 
times larger dispersion. See the text for details.

Fig. 2. Dependence of the  signal pulse duration on 
the absorption coefficient. Squares (red online) rep-
resent the results of simulation using multi-pass con-
figuration. See the text for details.
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5. Conclusions

The results of the  theoretical analysis of OPA per-
formance suggest that the strong absorption of idler 
wave during optical parametric amplification sus-
tains the exponential growth of the signal and affects 
the amplification bandwidth. The analytical expres-
sion describing the evolution of parametric spectral 
bandwidth dependence on the losses for idler wave 
has been derived. The theoretical treatment has been 
verified by the numerical simulation of OPA perfor-
mance. The obtained results show that in the case of 
a  large enough absorption the  amplification band-
width can be enlarged by several times, in a longer 
amplification path. The same effect can be rendered 
by the use of the multi-pass system composed of a set 
of short optical crystals, by attenuation of the idler 
wave at the exit of each crystal.
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OPTINIO PARAMETRINIO STIPRINIMO JUOSTOS IŠPLITIMAS DĖL 
SUGERIAMOS ŠALUTINĖS BANGOS

G. Valiulis, A. Varanavičius

Vilniaus universiteto Lazerinių tyrimų centras, Vilnius, Lietuva

Santrauka
Parametrinio šviesos stiprintuvo formuojamų im-

pulsų trukmę lemia stiprintuvo stiprinimo juostos plo-
tis. Parametrinio stiprinimo juostą nusako medžiagos 
dispersija ir sąveikos geometrinės ypatybės. Dažniausiai 
stiprinamų bangų sugertis yra laikoma žalingu reiški-
niu stiprinimo procesui. Paaiškėjo, kad esant žymiems 
tiesiniams tik šalutinės bangos nuostoliams galima gau-
ti net efektyvesnį parametrinį stiprinimą. Šiame darbe 

nagrinėjama šalutinės bangos tiesinių nuostolių įtaka 
parametriniam stiprinimui. Stiprinimo juosta buvo ver-
tinama analiziškai sprendžiant tribangės parametrinės 
sąveikos lygtis plokščių bangų artinyje, esant mono-
chromatiniam kaupinimui, neįskaitant kaupinimo nu-
skurdinimo. Pateikiami ir parametrinį stiprinimą ap-
rašančių lygčių sprendimo pavyzdžiai, iliustruojantys 
sugerties įtaką stiprinimo juostos pločiui.
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