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A general expression for the differential cross-section describing the properties of radiation following the ionization of
polarized atoms by polarized electrons is obtained in two-step approximation by using the methods of atomic theory. The
special cases of the general expression suitable for the specific experiments are derived. In the case of the ionization of non-
polarized atoms by non-polarized electrons, the expressions for the parameters of the asymmetry in the angular distribution
of fluorescence as well as angular correlations between fluorescence photon and one of emitted electrons are presented. The
magnetic dichroism in the angular distribution of fluorescence radiation is studied.
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1. Introduction

The ionization of atoms by electrons is one the
most important processes in plasmas. Polarized atoms
and ions are present in plasma where directed flow of
charged particles take place. Then, the emitted radia-
tion can also be polarized [1]. The tokamak may serve
as an example of such devices. The polarization of
electron-impact excited radiation or fluorescence from
tokamak plasmas was used for its diagnostics [2, 3].
This polarization is caused by non-equilibrium popu-
lation of magnetic levels or ordering of the excited and
ionized atoms, otherwise known as self-alignment. It
arises in the collision process because of oriented flow
of atoms or (and) electrons [1]. Thus, for theoretical
modelling of elementary processes in plasmas, the ex-
pressions of the cross-sections describing the polariza-
tion of atoms both in initial and final states are of im-
portance. The main task of the present work was the
derivation of a general expression for the cross-section
suitable to describe the properties of fluorescence radi-
ation following ionization of polarized atoms by polar-
ized electrons.

Density matrix formalism [4] was the usual method
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for investigation of polarization and angular distribu-
tions in these processes for many years. Recently,
a number of alternative methods was introduced [5—
11]. A unified quantum collision theory in the wave-
packet approach for the analysis of kinematics of vari-
ous atomic collision processes by using the density ma-
trix, relativistic approach, and helicity formulations was
proposed by Huang [5]. Da Pieve et al. [6] have com-
menced studying the angular correlation between a pho-
toelectron and subsequent Auger electron from atomic
targets in a single particle scattering approach, since
it is more convenient for extension to the solid state
case. The methods usually used in atomic theory were
applied for the investigation of photoionization of po-
larized atoms by Kupliauskiené et al. [7,8]. In this
approach, the probability or cross-section of the inter-
action of polarized electrons (photons) with polarized
atoms was expressed as a multiple expansion over the
multipoles (irreducible tensors) of the state of all par-
ticles taking part in the process both in initial and final
states [7—10]. The extension of this method to the multi-
step processes was presented in [11]. The ionization of
polarized atoms by polarized electrons was investigated
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by Kupliauskiené and GlemzZa [9] using distorted wave
approximation as well.

The investigations of fluorescence following ioniza-
tion of atoms by electrons are not numerous. In the case
of ionization of non-polarized atoms by non-polarized
electrons, the expressions for angular distribution of
Auger electrons were obtained by Berezhko et al. [12]
using the density matrix approach. Recently, the asym-
metry of angular distribution and polarization of argon
K X-radiation following the ionization of non-polarized

perimentally [13]. Thus, the present work is a fur-
ther development of atomic theory methods for two-
step process of fluorescence following the ionization
of atoms by electrons. The next section is devoted to
obtaining the general expression by applying a method
used in atomic theory. Its special cases are presented in
Section 3. The inequality ‘fine structure splitting >
line width > hyperfine structure splitting’ is also as-
sumed. Modifications enabling one to take into account
hyperfine structure splitting can be easily made [8, 10].

atoms by non-polarized electrons was investigated ex-

2. General expression

The process of the fluorescence radiation following ionization of polarized atoms by polarized electrons can be
written as follows:

A(ar J1My) + e~ (pgmo) — AT (agJoaMs) + e (pama) + e~ (p1m1)

— AT (a3 J3M3) + e~ (pama) + e~ (p1ma) + hv(égko) . (1)

Here o; indicates the configuration and other quantum numbers, J; is the quantum number of the total angular
momentum, and M; is its projection onto a chosen direction for atoms (ions) in the initial ( = 1), intermediate
(7 = 2), and final (« = 3) states, respectively, p;, m; are the momentum of an electron and its spin projection in the
initial (¢ = 0) and final (¢ = 1, 2) states. The energy ¢ (in atomic units) of an electron is related to its momentum p
viap = (2¢)'/2. kg indicates the wave vector of emitted photon, and €4 1s its polarization unit vector, where ¢ = £1
for circularly polarized light. Any other polarization can be obtained as a superposition of left- and right-hand
polarizations.

In two-step approximation, the expression of fourfold differential cross-section, describing fluorescence decay
following the ionization of polarized atoms by polarized electrons, can be written in the form of an expansion over
the multipoles of a non-registered intermediate state of ion A1 (ayJ2M>) by using the method proposed in [11] as
follows:

dio(aq J1 Mipomo — asopimipams — azJsMaégko) _
dEQdQldQQkoO

Z d3(TiI(()-I21N2 (a1J1M1p0m0 — OéQJQ])lmpomQ) dW}q(2N2 (OéQJQ — angMgéqu)

. 2
dEQdQldQQ koo ( )

KaoNo

In (2), d; describe the scattering angle for the scattered (¢ = 1) and emitted (i = 2) electrons and fluorescence
photons (¢ = ko).

The expression for the first term in (2) can be obtained from Eq. (13) of [9] by applying the procedure described
in [10, 11] and it is as follows:

d?’Uif‘%‘;Nz (a1J1 Mipomo — azJapamapimi)

_ 3/2 1/2
depd2,de, Co(4m) 42Ky + 1]

ion ! ! / !
X § B (KOaKOaKa K)\OaKSOaK%K7K>\1,KslaK17K)\23Ks2aK2)
K,Ko,K{,Kx0,Ks0,K’,
K{,K} Kx1,Ks1,K52,Ks2
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Here

2 R
CQ = Pipa ) T]{f((‘]a J7M|J) = (_l)J_M |:

™ 2P0

3)

Ar ]1/2[,] J K

7T M_MO}YKN(JL )

where J denotes the polar and azimuthal angles of the orientation of the angular momentum J with respect to the

chosen z axis, and

Bion(KO) K(/]u K) K)\07 KSO) K27 Kl; K)\lv K517 Kiu K>\27 K827 Ké) ==
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X [(25 4+ 1) (220 4+ 1)(2X) + 1)(2A1 + 1)(2A] + 1) (22 + 1)(2X\5 + 1)(2j0 + 1)(24p + 1) (251 + 1)(257 + 1)
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JE T ik o) \ 7 E T i &) s K o) 3K
In (5), V in the reduced matrix element [9] marks the A(Ko, K, K3,k k') =
operator of electrostatic interaction between atomic and
projectile or scattered and emitted electrons. x (a3J3]| QM) || arg o) (vs T3] |Q(k/) g a)* 7
The second term in (2) has the following expression
O 14 (26 + 1)(2Js + Dk + 1] | 2 E2 2
T
(2J2 + 1)(2K3 + 1) Js K3 J3

dW}"{2N2 (O[QJQ — Oé3J3M3€qk0)
dQp,

Ci Y A(Ky K], Ks, k, k)
K/, K3.k,k/

Ny N! N;

KoK 'K A
- [ 2 K } T (I3, 5, MslJy)
N!,N3

X T]{/(Z(ka k/>Q|R0) ) (6)

The reduced matrix element in (7) is equal to

(05 J3]|Q™ lazT2) = v/2J5 + Las J3]| Q™ |az2) .
®)
the constant C; = 1/(27), and

(a3 3]|QW||ag ) = kg T2 >

[m 1]1/2
p=0,1
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i*(—ig)P
“ k=l

is defined in [10]. p = O indicates the operator of elec-
tric multipole transition (Ek) [15]

A, = —r*c, (10)

(a3 J3]| Q)| J2) )

and p = 1 represents the operator of magnetic multipole
transition (Mk) [15]

Opy = —%[k(% — 1)]M/2 k1 (11)

" {1 ot L(”}(

k) (k)
# [otnxso)
= | I,

q

Here L") and SV are operators of orbital and spin
angular momentum, respectively, 0(5’“) is operator of
spherical function normalized to [47/(2k 4 1)]*/2 [16].

Note that the parities of electric and magnetic multi-
pole fields are (—1)* and (—1)**!, respectively. Only
either magnetic (Mk) or electric (Ek) part contributes
between specific electronic states, owing to parity selec-
tion rules. Since we are considering pure photon states,

there is no need to introduce Stokes parameters explic-
itly.

The expressions (2), (3), and (6) represent the most
general case of the cross-section describing the polar-
ization of all particles participating in the process (1)
and angular distributions as well as angular correlations
of the electrons and photon in the final state. These
general expressions can be used to derive the expres-
sions applicable for specific experimental conditions
with smaller number of polarization states specified. To
obtain the special cases, one needs to integrate over the
angles of one or both escaping electrons and to sum over
the magnetic components of some angular momenta.
The following summation and integration formulae [8]
make this easier:

> T (7,0, M|J) = 6(K,0)5(N,0),  (12)
M

//YKN(0,¢) sin 0 df dp = V4w (K, 0) §(N,0).
00

13)

Usually, the experiments are performed by using both non-polarized atoms and non-polarized electrons and the
state of polarization of the scattered and emitted electrons as well as that of ion in the final state are not registered.
Then, expressions (3) and (6) become simpler because of Ky = Ky = Kg = K2 = 0, K), = K| = K,

K>\1 :Ki,K)\Q :Kéi

doi 2 v, (a1 J1po — a2 Japapr) _
dEQdQldQQ

02(47[')3/2[21{2 + 1]1/2 Z
202 1 1)

K)\07K/7KA1 7K>\2

BiOD(O7 K)\m K)\()a K)\ov 07 K27 Klv K)\1707 K)\17K)\27 07 K/\Q)

Ky K' Ky, ] [Kag Ky, K A ) A
X Z [Nz N Nf\\o] [N:\\z Nf\\l N’} KagNxg (Po) YK)\lN)q (1) YKAQNAQ (p2), (14)
N)\07N17N)\17N)\2 0 2 1
dWIT(QNz (O[QJQ — agjgéqu)
dQxo B
27T(2J2 + 1) T (2/{ —+ 1)(2K2 + 1) q—q 0 ) s Uy oy 5—No

In the case of Ny = 0, we have

dW}‘Qo(OéQ Jg — a3J3€qk0)
dQ%o -
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;Z(—l)f(b“rk/—q # 1/2 kj k/ K2 A(K K 0 k; k/)P (COSG ) (16)
21(2Jy + 1) — 2% + 1 qg—q 0 2, 189,0, K, Ko ko) s

where Pk, (cos 0, ) is Legendre polynomial.

Some more simple cases of the general expression (2) are derived further as examples. They cover the most
frequently measured set of characteristics and use the experiment geometry. Expressions (14) and (15) enable one
to readily obtain a number of special cases.

3. Special cases

3.1. Total cross-section for fluorescence following the ionization of non-polarized atoms by non-polarized
electrons.

The total cross-section describing the fluorescence radiation emitted after ionization of non-polarized atoms by
non-polarized electrons, when the polarization state of particles in the final stage of the process (1) are not registered,
can be obtained from the general expression (2) by summing over the magnetic components of particles in the final
state and averaging over them in the initial state, as well as integration over the angles of scattered and emitted
electrons and radiation. The result of these procedures can be written as a product of two probabilities:

1
O'(OélJl — OéQJQ — 063J3) = m

d*o (a1 Jy Mypomo — asJaprmipame — asJsMsék
< faz [aon [aou [ao, T (cahMipomo = aaabimipam - asloMoigho) _

My, M3,mo,m1,m2
= Uion(aljl — OCQJQ) Wr(ang — 043J3) . (17)

On the right-hand side of (17), the first term is the total ionization cross-section of an atom, and the second term is
the probability of radiative transition between the levels in ion A™.

3.2. Angular distribution of fluorescence radiation following the ionization of non-polarized atoms by
non-polarized electrons

The cross-section describing the asymmetry of angular distribution of fluorescence radiation following the ioniza-
tion of non-polarized atoms by non-polarized electrons can be obtained from the general expression (2) by summing
over the magnetic components of particles in the final state and averaging over them in the initial state, as well as
integration over the angles of scattered and emitted electrons. But a simpler way is to use the expressions (14) and
(15). Then the differential cross-section for the asymmetry of angular distribution of the fluorescence radiation is
as follows:

da(a1J1p0 — O[QJQ — 043J3€qk0)
dQ, N

1 d4a(a1J1M1pom0 — OéQJQlelpgmz — 043J3M3€ ko)
— [ d dQ dQ g =
2(2J1 + 1) / 62/ 1/ 2 Z deodQ1dQod Q0

M, M3,mo,m1,m2

dW]T{QNQ (OQJQ — Oéngéqko)
dQy,

S oy, (a1 dipo = aza) : (18)

Ka,N2
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Here

Colam (2K, + 1)]1/2 .
2 2[ ;r((2jl2++1))] YI?QNQ(]BO) Blon(oaK27K27K2707K270a0a050707070)a
(19)

and the expression for the second term is (15). The choice of laboratory z axis along the direction of incoming
electrons leads to Yy, ,(0,0) = [(2K2 + 1)/4n]'/25(Ny,0), and then
2(2J1 +1)

Then the expression for the cross-section describing the angular distribution of fluorescence radiation following the
ionization of non-polarized atoms by non-polarized electrons can be written in the following form:

O'i](gNQ (Oéljlpo — OéQJQ) = (47‘(’)

o Ro(arJi — asdy) = (4m) B0, Ky, Ko, K3,0, K»,0,0,0,0,0,0,0) . (20)

do(a1Jy — agJs — azJske) (a1 i — asds) WT(asJs — azJs

— )
dQ, - (ar)? in 1+;5K2an(cos9) @

where
Br, = o, Ak, - (22)
Here

(2K2 + 1) f dEQBion(Oa K27 KQ; K27 07 KQa 07 07 07 07 07 07 0)
Ak, = : (23)
[ deBn(0,0,0,0,0,0,0,0,0,0,0,0,0)

is the alignment of a non-polarized atom ionized by non-polarized electrons, and

[ 1 ]1/2 [k K Koy

Z (_1)K2+k’fq
k. k'
ARy =

2K +1 q—q 0

> (2k+1)~1A(0,0,0, k, k)
k

} A(Ks, K2,0,k, k)

(24

is the asymmetry parameter of an angular distribution of emitted electromagnetic radiation. The angle 6 is measured
from the direction of projectile electron. The maximum value of K is determined by values of the total angular
momentum J5 of an intermediate state of ion and the multipolarity & of emitted radiation Kpy,x = 2min(J2, k). In
the case of dipole electric transitions, K can be equal to 1 and 2. The angular distribution of fluorescence radiation
following the ionization of non-polarized atoms by non-polarized electrons was investigated by Berezhko et al. [12]
using the density matrix approach.

3.3. Angular correlations between fluorescence and escaping electron following the ionization of non-polarized
atoms by non-polarized electrons

In the case when polarization states of an ion A" and emitted electrons are not registered, the cross-section for
angular correlations between fluorescence and one of the escaping electrons is convenient to derive using expressions
(14) and (15). Let us assume that the angular correlations are measured between a slower electron, which is marked
by 2, and a photon. The expression is as follows:

ng(Oqupo — OéQJQpQ — angéqu) _ 1
dEQdQQkoO 2(2J1 -+ 1)

y /dQ d*o (o Jipo = oo Jopipa = a3 J3é.Ko) -
1 de2dQ;dQd Oy,

Z dQO'iI%I;NQ (alleo — a2J2p2) dWIT{QNQ (OéQJQ — angéqko)

. 25
dEQdQQ koo ( )

Ka,N2
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The expression for the first term in (25) is

P, (171po = a2 Tap) _ (4m)*Cal2K + 1]
deodQs 2(2J1 + 1)

Z Bion(()?K)\o’K/\O’K)\O’O’ K)\2,K)\2,0,0707K)\2707 K)\z)

K/\O’K)\Q
Ky K, Ky, . ) X
X Z [NQ Ny, Ny, YK%ON/\O (Po) YK)\QN,\2 (p2> , (26)
N)\O 7N)\2
and that for the second term is (15). At z axis along the direction of incoming electrons, one gets N = —IV),, and

Aol (ardy — and 32 2 i
TR, (1Tt = 02 Jap2)  (4m)*2C5[2K, + 1] > 2Ky, + 1] BONK,, Ka,)

deodQ N 2(2 1
£2d2y (2J1+1) KT,
Ky K, Ky .
X |:N2 _]\[22 00] YKAQ —N2 (P2) - 27
Here
Bion(KA()a K)\Q) = Bion(oa K)\()v K/\oa K)\oyoyK)\za K)\ga 07 07 07 K)\2707K>\2) . (28)

3.4. Magnetic dichroism in the angular distribution of fluorescence radiation following the ionization of polarized
atoms by non-polarized electrons

Magnetic dichroism is known as the dependence of intensity of fluorescence radiation following excitation,
ionization, or photoionization of atoms on the direction of initial polarization of atoms. In the case of ionization of
polarized atoms by non-polarized electrons, the cross-section for the process (1) suitable to describe the magnetic
dichroism can be easily obtained by summing the general expression (2) over the magnetic components of non-
registered angular momenta M3, m1, ma, averaging over my, and integrating over the angles of scattered and emitted
electrons:

dQU(OtlJlMlpo — O[QJZ — Oéngéqu)
d&ngkO

“ = /dQ /dQ d*o (a1 Jy Mipomo — agJapimipame — s J3 M3é ko) _
' ’ dEQdQldQQkoO

Mg 7m07m1 ;M2

dJII%nNQ a1J1M1p0 — CVQJQ) dWK Ny (a2J2 — angeqko)

- Z , (29)
K2 No de 2 dQ2 ko

where K0 = Ky = Koo = Ky = K| = K' = K, = K), =0, K), = K|, K, = K, the laboratory z axis
coincides with the direction of incoming electrons (N, = 0), and

do'II%IQIN2 (a1J1M1p0 — 012J2 /dQ /dQ Z d3a(a1J1M1p0m0 — a2J2p1m1p2m2) _
dEz 1 2 dEQdQldQQ

mo,m1,m2

o Ko Ky, K.
22 (4m)?* > [(2Ka+1)(2Ky, + 1)]? B(Ko, K, Ko) [Ng OAO Nz]

K3,K),,Ko0,N2
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x (=1)71=Mh an 1P 8 K
2J1 +1

Here

B(K()) K)\O? KQ)

The magnetic dichroism is the difference between
the cross-sections (30) measured for the opposite direc-
tions of the total angular momentum J;. In the case
of choosing the direction of J; to be parallel and anti-
parallel to the z axis which coincides with the direction
of incoming electron, Yx,n,(0,0) = Yi,n,(7,0) =
[(2Ko 4 1)/47)"/25(N>,0), and the difference of the
cross-sections (30) is equal to

da}%go a1J1M1—J1 — OéQJQ)

AZ -

« dWIT(QO(OéQJQ — Ozgjgéqko)
A ’

(32)

where
dUlon (061J1M1 =
dEQ

J1 — OQJQ)

= Cy(4m)?

>

Ky, Ko

(2K, + 1)(2K5 + 1)(2Ky + 1)1 1/2
2J1+1
KoKy, Ko||J1 J1 Ky
xB(Kg,K)\O,Kg)[ 0o ] [JI_JI 0 ] . (33)

Expression (32) can be integrated over the energies of
emitted electrons:

A = ZO‘}%I;O(OquMlle — OéQJQ)
Ko

« dWIr{QO(OQJQ — Oé3<]3€qk0)
A%,

(34)

The Clebsch—Gordan coefficient in (33) is not equal to
zero if Ko + K, + K> is an even number. Thus, hav-
ing in mind that Ky < 2J1, one can expect a non-zero
magnetic dichroism for J; > 1 in the case of electric
dipole radiation (K7 = 0, 1, 2).

Magnetic dichroism may reveal itself even in the
measurement of the total cross-section, i.e. for the
cross-section (29) integrated over the angles of emitted
radiation (K9 = 0):

A = (35)

My M, 0 } Yicon, (J1) - (30)

— Bion(K(],KA07K2’K)\0707K270’ 07 010707070) . (31)

oy (a1 1 My — aada) Wip(agds — ags) =

1
(4m)?

Here one can see that the magnetic dichroism depends
only on the first process.

Uion(CJélJlMl — OZQJQ) WT(OQJQ — Oéng) .

4. Concluding remarks

In two-step approximation, the general expression
for the cross-section describing the properties of fluo-
rescence radiation emitted following the ionization of
polarized atoms by polarized electrons is obtained. The
expression describes the polarization states and angular
distributions of all particles both in the initial and final
states. Some special cases suitable for the specific ex-
perimental conditions are studied as more simple cases
of the general expression. In the case of ionization of
non-polarized atoms by non-polarized electrons, the ex-
pressions for the parameters of the asymmetry in the an-
gular distribution of fluorescence as well as angular cor-
relations between fluorescence photon and one of emit-
ted electrons are presented. The magnetic dichroism in
the angular distribution of fluorescence radiation is also
studied.
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Santrauka

Atomy ir jony jonizacija elektronais — vienas svarbiausiy vyksmuy
laboratoringje ir astrofizikinéje plazmoje. Tiriant tokiy vyksmuy
metu atsiradusiy jony buseny suirimo produktus, galima gauti daug
naudingos informacijos ne tik apie atomo sandara, bet ir apie atomo
ar jono suzadintas buisenas suk@irusius procesus ir daugiadaleles sa-
veikas. SuZadinta busena po vidinio sluoksnio jonizacijos suyra,
atomui iSspinduliuojant fotona (fluorescencijos vyksmas). Elekt-
ronais jonizuoty atomy fluorescencija nagrinéjama kaip sudétingas
procesas dviejy stadijy (etapy) artinyje. Naudojant atomo teori-
jos metodus ir judéjimo kiekio momento grafinius metodus sutrik-
dytyju bangy artinyje, surasta diferencialinio skerspjuvio (tikimy-

bés) bendroji iSraiska, aprasanti visy procese dalyvaujanciy dale-
liy poliarizacija pradinéje ir galinéje busenose, atplésty elektrony
ir fluorescencijos kampinius pasiskirstymus bei jy tarpusavio kam-
pines koreliacijas. Ji panaudota surasti paprastesnéms diferencia-
linio skerspjuvio iSraiSkoms, kurios reikalingos jvairiems eksper-
imente matuojamiems dydZiams apskaiCiuoti. Pateiktos elektro-
magnetinés spinduliuotés kampini pasiskirstyma, kampines kore-
liacijas tarp fluorescencijos spinduliuotés ir atpléstojo elektrono,
fluorescencijos magnetinj dichroizma, jonizuojant nepoliarizuotus
ir poliarizuotus atomus nepoliarizuotais elektronais, nusakancios
formules.



