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We analyze the influence of high-frequency current stimulation on spontaneous neuronal activity and show that it may cause 
a death of spontaneous low-frequency oscillations. We demonstrate the universality of this effect for typical neuron models such 
as FitzHugh–Nagumo, Morris–Lecar, and Hodgkin–Huxley neurons as well as for the  normal form of the  supercritical Hopf 
bifurcation. Using a multiple scale method we separate the solutions of the neuron equations into slow and fast components and 
derive averaged equations for the slow components. The mechanism of suppression of neuronal activity is explained by an analysis 
of the bifurcations in the averaged equations governing the dynamics of the slow motion. Our results may contribute to the un-
derstanding of therapeutic effects of high-frequency deep brain stimulation, the golden standard for the treatment of medically 
refractory patients suffering from Parkinson’s disease. Furthermore, our study enables hypotheses concerning possible improve-
ments of high-frequency deep brain stimulation.
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1. introduction

The influence of high-frequency excitation on slow 
dynamical systems is the subject of considerable in-
terest in the  field of mechanics for more than one 
hundred years. The  first curious effect was discov-
ered by Stephenson [1, 2], a mathematics lecturer at 
Manchester University, in 1908. He showed theoreti-
cally and experimentally that it is possible to stabi-
lize a rigid pendulum in its inverted, or upside-down, 
equilibrium position by subjecting the pivot to small 
vertical oscillations of suitably high frequency. Later 
on an important contribution to the theory of high-
frequency excitation was made by Kapitsa [3, 4]. His 
approach was based on the concept of direct separa-
tion of motions, which implies that the motion under 
vibration can be presented as a  sum of two compo-

nents – a fast, “vibrational” component and a “slow” 
component which changes very little in one period of 
the vibration. The problems of the modern field of vi-
brational mechanics [5] include a number of nontriv-
ial vibrational effects such as “flowing up” of a heavy 
metal ball in a layer of sand, moving of a heavy body 
or granular material upward along the slope, etc.

In the past two decades great therapeutic progress 
has been made by applying high-frequency stimula-
tion (HFS) to biological systems [6–8]. To avoid tissue 
damage one uses biphasic electrical signals with zero 
mean voltage such that in each period of the high-fre-
quency stimulation the charge induced in the system 
is balanced. High-frequency (>100  Hz) deep brain 
stimulation (DBS) is now recognized as the  golden 
standard for the treatment of patients with medically 
refractory Parkinson’s disease and other movement 
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disorders  [6–14]. Unfortunately, the  mechanism of 
DBS action is still unclear [15–17]. One possible ex-
planation is based on the assumption that the high-
frequency stimulation silences the  neuronal firing 
activity of a  target area. This hypothesis arose from 
the  observation that the  clinical effects induced by 
lesions and deep brain stimulation of the same target 
area are similar [10]. Some experiments in vitro [18, 
19], in animals [20–22] and in humans [23–26] sup-
port the hypothesis of the local inhibition, however, 
a clear theoretical explanation of this effect is lacking.

The aim of this paper is to apply the  ideas of vi-
brational mechanics to neuronal systems and provide 
a possible explanation of inhibitory/blocking proper-
ties of high-frequency DBS formulated in terms of 
this field. Note that typical problems of vibrational 
mechanics are related to passive systems. By contrast, 
here we deal with active neuronal systems, that spon-
taneously, i.  e. without high-frequency stimulation 
repetitively generate spikes. We show that the high-
frequency stimulation of sufficiently large intensity 
can silence the repetitive neuronal spiking. The effect 
is common for different neuron models and can be 
explained in terms of the stabilization of the neuron 
resting state, similar to the stabilization of the upside-
down position of a rigid pendulum with a vibrating 
pivot. In a previous study we have applied a similar 
vibrational mechanics based approach to investigate 
the high-frequency stimulation-induced suppression 
of sustained neuronal spiking in Hodgkin–Huxley 
and isolated subthalamic nucleus model neurons [27].

The paper is organized as follows. In Section 2 we 
start our analysis with the generic model of the su-
percritical Hopf bifurcation extended by a high-fre-
quency excitation term. Here we present the details 
of the mathematical treatment of the problem based 
on a  two-scale expansion. In the  following Sec-
tions 3, 4 and 5 we analyze the influence of high-fre-
quency stimulation on the Fitzhugh–Nagumo [28], 
Morris–Lecar  [29] and Hodgkin–Huxley  [30] neu-
ron models, respectively. We show that the stabiliza-
tion of the neuronal resting state may appear by dif-
ferent bifurcation scenarios, depending on a specific 
neuron model. The paper is finished by conclusions 
presented in Section 6.

2. Supercritical hopf bifurcation

One of the common mechanisms that gives rise to 
self-sustained oscillations in nonlinear dynamical 
systems is the Hopf bifurcation. In order to gain in-
sight into the effect of suppression of low-frequen-
cy self-sustained oscillations by HFS we start from 
a simple model of a forced limit-cycle oscillator that 

describes the normal form of the supercritical Hopf 
bifurcation:

ż = [λ + i + (iβ – 1) |z|2]z + aeiωt. (1)

Here z is a complex variable, λ and β are real para-
meters characterizing the Hopf bifurcation. The pa-
rameters are normalized in such a way that the Hopf 
frequency is equal to unity. The last term represents 
the HFS with the amplitude a and frequency ω. In 
the  free system (a  =  0), the  supercritical Hopf bi-
furcation appears at λ = 0. For λ < 0 the system has 
a stable fixed point z = 0. For λ > 0 it loses the sta-
bility and a stable limit cycle z = reiω0t of the radius 

λ=r  and the  frequency ω0  =  1  +  βr2 emerges.
In the presence of HFS, Eq. (1) can be solved ap-

proximately by a  multiple-scale method  [31], or 
more precisely, by a two-scale expansion. We assume 
the frequency ω of the HFS to be a large parameter. In 
other words, the time ω–1 is much less than all char-
acteristic time-scales of the  system. Since the  HFS 
is non-resonant it provides an appreciable effect on 
the system dynamics only for a sufficiently large am-
plitude a. In the following we suppose that a is pro-
portional to the frequency ω, a = Aω, where the pa-
rameter A is independent of ω. We introduce a  fast 
time τ  =  ωt (the time t is respectively called a  slow 
time) and expand the  solution in powers of a  small 
parameter ω–1:

z(t) = z0(t, τ) + ω–1z1(t, τ) ... . (2)

We suppose that the functions z0, z1,… are 2π peri - 
odic in τ: z0(t, τ + 2π) = z0(t, τ), z1(t, τ + 2π) = z1(t, τ), ... . 
This means that the  solution is periodic on the  fast 
time scale with the period equal to the period of HFS. 
We treat t and τ as if they were independent variables 
and obtain
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The solution of Eq. (4) is

z0(t, τ) = –z(t) – iAeiτ,  (6)

where –z(t) is any function of the slow time t. To derive 
an equation for this function we substitute (6) into (5),
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 = [λ +i +(i β –1)|–z –iAeiτ|2](z0 – iAeiτ), (7)

and average it over the period of fast stimulation, i. e. 
multiply it by 1/2π and integrate over the period of 
fast time τ

π
d

2

0∫ :

·–z = [λ – 2A2 + i(1 + 2A2 β) + (β – 1)|–z|2]–z. (8)

Finally, an approximate solution of Eq. (1) can be 
presented as a sum of the slow and fast components 
(this result is in agreement with the Kapitsa’s concept 
and is typical for the problems of vibrational mechan-
ics [5]):

z(t) ≈ –z(t) – iAeiωt. (9)

The fast “vibrational” component is –iAeiωt and 
the slow component –z(t) satisfies the averaged equa-
tion  (8). The relationship between initial conditions 
of Eqs. (8) and (1) is –z(0) = z(0) + iA. Note that Eq. (8) 
is autonomous – contrary to Eq. (1), it does not con-
tain the HFS term aeiωt. The solution –z(t) of the aver-
aged equation (8) changes only slightly in one period 
of HFS; it approximates the moving average of the so-
lution z(t) of the original equation (1):

. (10)

The averaged equation  (8) is equivalent to 
the  equation of the  free oscillator that describes 
the  normal form of Hopf bifurcation. However, its 
parameters are modified by additional terms propor-
tional to A2 = (a/ω)2. These terms are related to HFS. 
In vibrational mechanics, such terms are referred to 
as the “vibrational forces”. The supercritical Hopf bi-
furcation in system (8) is shifted in comparison to 
the  free system. It appears for λ = 2A2 and its Hopf 
frequency is 1  +  2A2β. For λ  =  2A2 the  slow mo-
tion converges to the stable fixed point –z = 0, while 
for λ  >  2A2 the  fixed point is unstable and we have 
the periodic slow motion around the stable limit cy-
cle –z = –rei–ω0t of radius 22= Ar −λ  and frequency 
–ω0 = 1 + 2A2β + β–r2 = 1 + βλ. The frequency of the lim-
it cycle is independent of HFS.

In Fig. 1(a) we see that the increase of the inten-
sity A  =  a/ω of HFS causes a  reverse supercritical 
Hopf bifurcation in the slow dynamics of the forced 
oscillator. For  the radius –r of the limit cycle 
vanishes and the fixed point –z = 0 becomes stable. In 
Fig. 1(b) we demonstrate the death of slow limit cycle 
oscillations after switching on the HFS. The averaged 
equation (8) describes well the transient dynamics to-
wards the death of slow oscillations.

This example shows that the dependence of bifur-
cation parameters on “vibrational forces” allows us 
to control the slow dynamics of the system via HFS 
and even induce qualitative changes in this dynam-
ics. The total dynamics consists of a sum of the slow 
and fast motions. The suppression of the slow motion 
as opposed to the fast motion will be discussed from 
a neuroscientific standpoint below.

3. fitzhugh–nagumo model

One of the  simplest neuron models is described by 
the  FitzHugh–Nagumo equations  [28]. These equa-
tions conceptually isolate the  essential mathemati-
cal properties of excitation and propagation from 
the  electrochemical properties of the  sodium and 
potassium ion flow. In the presence of HFS a cos(ωt) 
the equations read

·v = v – v3/3 – w + I + a cos(ωt), (11a)

·w = ε(b + v – cw). (11b)

Here v is a membrane potential and w stands for 
a  recovery variable. We take the  following values of 
the parameters: b = 0.7, c = 0.8, ε = 0.08. The behav-
iour of the  free system (a  =  0) depends on the  DC 
current I. For sufficiently large values of this current 
the system generates periodical spikes. The phase por-
trait of the free system representing such a behaviour is 

Fig. 1. (a)  Bifurcation diagram of the  averaged equa-
tion (8). With increasing intensity of the HFS the radius 
of the limit cycle decreases according to . 
The dashed (solid) horizontal line represents the unsta-
ble (stable) fixed point –z = 0. (b) The death of low-fre-
quency oscillations in system (1) for λ = 0.1, β = 1 and 
ω = 15. For t <  ts = 8.6 the  free system (a = 0) moves 
along the stable limit cycle. For t > ts HFS with ampli-
tude a = 4.5 is switched on. The thin (blue online) line 
shows the solution of Eq. (1). The bold (red) line shows 
the solution of the averaged equation (8) for t > ts. (All 
quantities are in dimensionless units.)
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shown in Fig. 2(a). The nulclines (·v = 0: w = v –v3/3 + I 
and  ·w = 0: w = (v + b)/c) of the system intersect on 
the  increasing part of the  N-shaped v-nulcline. As 
a  result, the  system has an unstable fixed point and 
a  stable limit cycle. Due to the  smallness of the pa-
rameter ε the phase point moves along the limit cycle 
nonmonotonously and the system experiences relax-
ation oscillations.

Our aim is to show that HFS may suppress 
the spontaneous oscillations of the system and explain 
the mechanism of this suppression. In the Appendix 
we present the  derivation of averaged equations for 
a general neuron model. Applying these general re-
sults to Eqs. (11) we can write an approximate solu-
tion in the form

v(t) ≈ –v(t) + A sin(ωt), (12a)

w(t) ≈ –w(t),  (12b)

where A  =  a/ω and the  variables –v and –w satisfy 
the  averaged equations (A.8). To write these equa-
tions in the explicit form we note that here the func-
tions f and g are f(v,  w)  =  v  –  v3/3  –  w  +  I and 
g(v, w) = ε(b + v – cw). Averaging of these functions 
over the  fast time can be performed analytically: 
〈f(–v  +  A  sin  τ,  –w)〉τ  =  –v(1  –A2/2)  –  –w3/3  –w  +  I and 
〈g(–v + A sin τ, –w)〉τ = ε(b + –v – c–w). Then the averaged 
equations take the form

·–v = –v(1 – A2/2) – –v3/3 – –w + I, (13a)

·–w = ε(b + –v – c –w). (13b)

For a = 0 the averaged equations (13) are equiva-
lent to the  original system (3). Thus without HFS 
the phase portraits of systems (11) and (13) coincide 
(Fig. 2(a)). With the increase of a the linear nulcline 
–w = (–v + b)/c remains unchanged while the n-shaped 
nulcline –w = –v (1 – A2/2) –v3/3 + I varies due to the “vi-
brational force” A2/2. As a  result, the  limit cycle in 
the phase space of averaged equations shrinks and en-
gulfs the fixed point rendering it stable (Fig. 2(b, c)). 
After this, the stable fixed point is the only stable at-
tractor of the averaged system. Thus the  increase of 
HFS intensity leads to the reverse supercritical Hopf 
bifurcation similar to that described in the previous 
section. This scenario explains the mechanism of sup-
pression of the low-frequency oscillations in the high-
frequency stimulated Fitzhugh–Nagumo neuron.

The transient dynamics of the  system (11) to-
wards the  death of spontaneous low-frequency os-
cillations after switching on the  HFS is shown in 
Fig. 3. The averaged equations (13) describe the sys-
tem dynamics well even in the case of relaxation os-
cillations. Although the free system has two different 
time scales (the slow w variable and the fast v vari-
able), the  averaged equations are correct when ω–1 
is less than the  characteristic time scale of the  fast 
variable.

In Fig. 3 we see that HFS induces a relatively large 
high-frequency component in the membrane poten-
tial v, while for the recovery variable w this compo-
nent is small. This is in agreement with the approxi-
mate solution (12). The reason is that HFS is applied 
only to Eq. (11a) of the membrane potential and does 
not directly influence the recovery variable w.

Fig. 2. Phase portraits of the  averaged equations 
(13) of the FitzHugh–Nagumo neuron for b = 0.7, 
a = 0.8, ε = 0.08, I = 0.4 and ω = 5. The nulclines 
are shown by dashed (blue online) lines, the  limit 
cycles are depicted by solid (red) curves, the stable 
and unstable fixed points (the intersection points of 
the nulclines) are presented by solid (red) dots and 
open circles, respectively. (a) a = 0 (this phase por-
trait coincides with that of system (11)); (b) a = 4; 
(c) a = 5.7; (d) a = 6.3. (All quantities are in dimen-
sionless units.)



K. Pyragas and P.A. Tass  / Lith. J. Phys. 56, 223–238 (2016)227

4. morris–lecar model

A more realistic neuron model than that described 
in the previous section is given by the Morris–Lecar 
equations [29]. Historically, these equations were de-
rived from an experimental study of the excitability 
of the giant muscle fiber of the huge Pacific barnacle. 
In fact, these equations represent a two-dimensional 
reduction of the  four-dimensional Hodgkin–Huxley 
neuron model that will be considered in the next sec-
tion. In the presence of HFS the Morris–Lecar equa-
tions are

C ·v = –gCam∞(v) (v – vCa) – gK w(v – vK)

–gL(v – vL) + I + a cos(ωt), (14a)

·w = ϕ[w∞(v) – w]/τw(v).  (14b)

Here C is the membrane capacitance. The parameters 
vCa, vK and vL are the equilibrium potentials of Ca2+, 
K+ and leak currents, respectively; gCa, gK and gL are 
the maximum conductance of the corresponding ion-
ic currents. The parameter ϕ defines the characteris-
tic time scale of the  recovery variable. The  voltage-
dependent functions are


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For a  sufficiently large frequency ω an approxi-
mate solution of Eqs. (14) is

v(t) ≈ –v(t) + A sin(ωt), (16a)

w(t) ≈ –w(t), (16b)

where A  =  a/ωC and the  variables –v and –w satisfy 
the averaged equations:

 ·–v = gCa 
–μ(–v, A) + gK –w(–v – vK)

–gL(
–v – vL) + I, (17a)

.),(),(= wAvAvw βα −  (17b)

Here we have introduced the functions

–μ(v, A) = 〈μ(–v + A sin τ)〉τ,  (18a)

–α(v, A) = 〈α(–v + A sin τ)〉τ, (18b)

–β(v, A) = 〈β(–v + A sin τ)〉τ, (18c)

where

μ(v) = m∞(v) (v – vCa), (19a)

α(v) = ϕw∞(v)/τ∞(v),  (19b)

β(v) = ϕ/τ∞(v). (19c)

Unfortunately, we cannot derive explicit analytical 
expressions for the averaged functions (18) in the gen-
eral case. An approximate analytical estimation of 
these functions can be obtained by means of a Taylor 
series expansion only for small values of A. However, 
the effect of suppression of spontaneous oscillations 
appears for rather large amplitudes A when the Taylor 
series approximation fails. Therefore, the integration 
of the averaged equations (17) requires a numerical 
computation of the  averaged functions (18) inside 
the Runge–Kutta algorithm.

Depending on the  specific values of the  para-
meters the  free (a  =  0) Morris–Lecar model may 
demonstrate the  behaviour typical of the  so-called 
type I or type II neurons [32]. Such a classification 

Fig. 3. (a) The death of spontaneous low-frequency os-
cillations under HFS in the FitzHugh–Nagumo system. 
For t < ts = 90 the free system (a = 0) moves along the sta-
ble limit cycle shown in Fig. 2(a). For t > ts the HFS of 
amplitude a = 6.3 is switched on. Other parameters are 
the same as in Fig. 2. The thin (blue) lines show the solu-
tion of Eqs. (11). The bold (red) lines show the solution 
of the averaged equations (2) for t > ts. The “vibrational” 
component for the w variable is so small that the oscil-
lations are covered by the bold red line of the averaged 
variable –w. (All quantities are in dimensionless units.)
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is based on the  difference of the  onset of autono-
mous repetitive firing. By increasing the  DC cur-
rent I the neuron with type I excitability starts to fire 
repetitively with an almost zero frequency. Accord-
ing to the bifurcation theory, the firing results from 
a saddle-node bifurcation on an invariant circle. In 
contrast, the type II neuron starts to fire with a finite 
frequency. Here the onset of firing can be caused by 
a Hopf bifurcation.

We have analyzed the effect of HFS for both types 
of excitability and in both cases we observed the ef-
fect of suppression of the repetitive firing. Below we 
present the results for the type I excitability. An evo-
lution of the phase portrait of the averaged system 
(17) is shown in Fig. 4 for the fixed value of the DC 
current I and the varying intensity of the HFS cur-
rent. The  averaged dynamics of the  Morris–Lecar 
neuron experiences a reverse supercritical Hopf bi-
furcation similar to the Fitzhugh–Nagumo neuron. 
Thus, the mechanism of suppression of the sponta-
neous firing is identical for these two different neu-
ron models.

The transient dynamics of the  Morris–Lecar 
neuron towards the  death of spontaneous firing 
shown in Fig.  5 is also similar to that observed in 
the  Fitzhugh–Nagumo neuron (cf.  Fig.  3). Again 
the solution of averaged Eqs. (17) fits well to the av-
eraged dynamics of original Eqs. (14).

5. hodgkin–huxley model

As a  last example, we consider the  Hodgkin and 
Huxley [30] model. The model was originally devel-
oped for the squid giant axon. In the presence of HFS 
the model reads:

Fig. 5. (a) The death of spontaneous firing under HFS 
in the Morris–Lecar neuron. For t < ts = 150 ms the free 
system (a  =  0) generates spontaneous spikes corre-
sponding to the stable limit cycle shown in Fig. 4(a). For 
t > ts the HFS of amplitude a = 3 mA/cm2 is switched on. 
Other parameters are the same as in Fig. 4. Thin (blue) 
and bold (red) lines show the solutions of Eqs. (14) and 
(17), respectively.

Fig. 4. The same as in Fig. 2 but 
for the  averaged equations (17) 
of the  Morris–Lecar neuron. 
The  set of the  parameters cor-
respond to the  type  I excitabil-
ity: gCa = 44 mS/cm2, gK = 8 mS/
cm2, gL = 2 mS/cm2, vCa = 120 mV, 
vK  =  –80  mV, vL  =  –60  mV, 
v1 = –2 mV, v2 = 18 mV, v3 = 12 mV, 
v4  =  17.4  mV, ϕ  =  0.0667  ms–1, 
C  =  20  μF/cm2. The  DC current 
is I = 50 μA/cm2. The frequency 
of HFS is ω = 5 kHz and the am-
plitude is the following: (a) a = 0 
(this phase portrait coincides 
with that of the  system (14)); 
(b) a = 2 mA/cm2; (c) a = 2.4 mA/
cm2; (d) a = 2.5 mA/cm2.
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C ·v  = –gNam
3h(v – vNa) – gKn4(v – vK)

–gL(v – vL) + I + a cos(ωt), (20a)

 ·m + αm(v) (1–m) – βm(v)m,  (20b)

 ·h + αh(v) (1–h) – βh(v)h,  (20c)

·n + αn(v) (1–n) – βn(v)n. (20d)

Here C = 1 μF/cm2 is the membrane capacitance and 
v is the membrane potential measured in mV. The pa-
rameters vNa = 115 mV, vK = –12 mV and vL = 10.6 mV 
are the equilibrium potentials of Na+, K+, and leak cur-
rents, respectively. gNa = 120 mS/cm2, gK = 36 mS/cm2 

and gL = 0.3 mS/cm2 are the maximum conductance 
of the corresponding ionic currents. 0 ≤ m ≤ 1 and 
0 ≤ h ≤ 1 are the gating variables responsible, respec-
tively, for activation and inactivation of the Na+ cur-
rent, and 0 ≤ n ≤ 1 is the gating variable represent-
ing activation of the K+ current. The rate parameters 
αx, βx (x = m, h, n) measured in ms–1 are the following 
functions of the membrane potential:

αm(v) = (2.5–0.1v)/[exp(2.5–0.1v) – 1], (21a)

βm(v) = 4 exp(–v/18), (21b)

αh(v) = 0.07 exp(–v/20), (21c)

βh(v) = 1/[exp(3 – 0.1v) + 1], (21d)

αn(v) = (0.1–0.01v)/[exp(1–0.1v) – 1], (21e)

βn(v) = 0.125 exp(–v/80). (21f)

Here the  voltage scale is shifted in such a  way that 
the membrane resting potential without external cur-
rents (I = a = 0) is zero.

In contrast to the  previous neuron models, 
the  Hodgkin–Huxley neuron (20) is described by 
four dynamical variables. In order to apply the gen-
eral theory presented in the Appendix, we note that 
the last three equations (20 b–d) can be interpreted 
as a one vector-equation for the three-dimensional 
recovery variable w =  (m, h, n). Then the approxi-
mate solution of Eqs. (20) can be written as

v(t) ≈ –v(t) + A sin (ωt), (22a)

m(t) ≈  –m(t), (22b)

h(t) ≈  –h(t), (22c)

n(t) ≈ –n(t), (22d)

where A= a/ωC and the slow variables –v, –m, –h and –n 
satisfy the averaged equations:

 ·–v  = –gNa 
–m3–h(–v – vNa) – gK 

–n4(–v – vK)

–gL(–v – vL) + I, (23a)

mAvmAvm mm ),())(1,(= βα −− , (23b)

hAvhAvh hh ),())(1,(= βα −− , (23c)

nAvnAvn nn ),())(1,(= βα −− . (23d)

These equations are equivalent to the  original 
Hodgkin–Huxley equations (21), but there is no 
high-frequency stimulation current and the original 
rate coefficients (21) are replaced by the averaged co-
efficients –αx, 

–βx(x = m, h, n):

–αx(
–v, A) = <αx(

–v + A sin τ)>τ, (24a)

–βx(
–v, A) = <βx(

–v + A sin τ)>τ. (24b)

If the  stimulation amplitude is not very large, 
the  averaged rate coefficients can be estimated ana-
lytically by means of the Taylor series expansion:

–αx(
–v, A) ≈ αx(

–v) + A2αxʹʹ(
–v)/4, (25a)

–βx(
–v, A) ≈ βx(

–v) + A2βxʹʹ(
–v)/4. (25b)

Here αxʹʹ and βxʹʹ are the second derivatives of the cor-
responding functions.

In contrast to the  Morris–Lecar model, here 
the  death of the  spontaneous firing occurs at rela-
tively small values of the amplitude A, so that the ap-
proximations (25) give the adequate description for all 
the  effects considered below. Note that all functions 
in Eqs. (23), (25) and (21), that comprise a model for 
the  slow averaged dynamics of the  Hodgkin–Huxley 
neuron, are defined analytically.

For the  given parameter values the  Hodgkin–
Huxley neuron demonstrates the type II excitability. 
When increasing the DC current I, the neuron starts 
repetitive firing due to the subcritical Hopf bifurca-
tion. The bifurcation appears for I ≈ 9.8 μA/cm2. Fig-
ure 6(a) shows the two-dimensional projection (v, n) 
of the phase portrait of free (a = 0) system (20) for 
I = 20 μA/cm2, i. e. above the threshold of the onset 
of spontaneous firing. Without HFS (a = 0) the same 
result is obtained from the averaged equations (23). 
The  phase portrait is characterized by the  unstable 
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Fig. 6. The (–v, –n) projections of the averaged equa-
tions (23) of the  Hodgkin–Huxley neuron for 
different intensities of HFS: (a) A = 0 (this phase 
portrait coincides with that of the system (20)); 
(b) A = 12 mV (just after the subcritical Hopf bi-
furcation); (c) A = 15 mV (just before the dou-
ble-cycle bifurcation); (d) A = 16 mV (just after 
the double-cycle bifurcation). The parameters of 
the Hodgkin–Huxley model are given in the text.

resting state and the stable limit cycle responsible for 
the neuron repetitive firing.

The subsequent Figs. 6(b–d) show the evolution of 
the phase portrait of averaged Eqs. (5) emerging with 
increasing HFS intensity. Here the death of spontane-
ous oscillations is characterized by a more complicated 
scenario as in the models considered in the previous 
sections. Now the fixed point becomes stable through 
a reverse subcritical Hopf bifurcation that appears for 
A = AsubH ≈ 11.16 mV. This bifurcation gives birth to 
a small unstable limit cycle, which expands with a fur-
ther increase of HFS intensity. For A = Adc ≈ 15.17 mV 
the stable and unstable limit cycles collide and disap-
pear trough a double-cycle bifurcation. After this bi-
furcation, the stable fixed point is the only stable attrac-
tor of the averaged system.

Summarizing the  described bifurcations, the  be-
haviour of the Hodgkin–Huxley neuron under HFS is 
as follows. For small intensities A < AsubH the neuron 
remains in the regime of spontaneous firing. For large 
intensities A > Adc the neuron definitely stops firing and 
settles at a stable resting state. The moderate intensities 
AsubH < A < Adc lead to a bistable regime – depending on 
the initial conditions the neuron may approach either 
the stable resting state or the stable limit cycle of spon-
taneous firing.

In Fig. 7 we show how the dynamics of the Hodg-
kin–Huxley neuron changes when HFS is switched on 
at moderate intensities A = 11.2 mV, which correspond 
to the bistable regime. Although the resting state is sta-
ble for this value of A, the neuron remains firing after 
switching on the  HFS. This result is independent of 

the moment of switching on the HFS. To explain this 
result we note that in any moment of the switching on 
the HFS the initial conditions are placed on the unper-
turbed (A = 0) stable limit cycle. Since the stable limit 
cycle changes only slightly with an increase of A (com-
pare Figs. 6 (a–c)), the nearest stable state for the per-
turbed system is the perturbed limit cycle.

The suppression of spontaneous firing can always 
be achieved by using HFS of a  sufficiently large in-
tensity. Above the  threshold of the  double-cycle bi-
furcation A > Adc the system reaches the only stable 
steady-state independently of the  initial conditions. 
In Fig.  8 we demonstrate that the  stable resting 
state can be reached even for moderate intensities 
AsubH < A < Adc. The problem related to the bistabil-
ity is avoided by using a simple two-step algorithm. 
In the first step, we switch on the HFS at a large am-
plitude A > Adc and reach the stable resting state. In 
the  second step, we decrease the  HFS amplitude to 
moderate values AsubH  <  A  <  Adc where this state is 
still stable. As a result, we can suppress the spontane-
ous firing and maintain the stable resting state using 
the  smallest permissable amplitude, slightly above 
the threshold of the subcritical Hopf bifurcation.

6. conclusions

We have shown that the neuronal spontaneous firing 
can effectively be suppressed by a  charge-balanced 
high-frequency stimulation current. The universal-
ity of this effect is demonstrated by different neuron 
models, namely, the two-dimensional FitzHugh–Na-
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Fig. 7. The influence of HFS of moderate intensity 
AsubH  <  A  <  Adc on the  Hodgkin–Huxley neuron 
dynamics. The HFS of amplitude a = 560 mA/cm2 

and frequency ω  =  50  kHz (A  =  11.2  mV) are 
switched on at t = ts = 15 ms. Thin and bold lines 
show the  solutions of Eqs.  (20) and (23), respec-
tively.

Fig. 8. Suppression of spontaneous firing in 
the Hodgkin–Huxley neuron with HFS of moderate 
intensity via a two-step algorithm. For t < ts = 15 ms 
the free system (a = 0) generates spontaneous spikes 
corresponding to the  stable limit cycle shown in 
Fig. 6(a). At t = ts = 15 ms the HFS of a large ampli-
tude a =800 mA/cm2 (A = 16 mV >Adc) is switched 
on. At t  =35  ms the  amplitude is decreased to 
the value a =560 mA/cm2, the same as in Fig. 7.
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gumo and Morris–Lecar neurons as well as the four-
dimensional Hodgkin–Huxley model. The  generic 
nature of this effect is further substantiated by our 
previous findings in isolated subthalamic nucleus 
model neurons [27]. This phenomenon is common 
not only for neuronal systems, but it is typical for any 
self-sustained oscillator. The analysis of the normal 
form of the  supercritical Hopf bifurcation extend-
ed by a  high-frequency excitation term shows that 
the bifurcation point can effectively be controlled by 
the excitation intensity.

To analyze the  neuron equations in the  pres-
ence of high-frequency stimulation we have applied 
a multiple-scale method. We have shown that the so-
lution consists of a sum of slow and fast components. 
Similar separations of fast and slow motions is typi-
cal for many problems considered in vibrational 
mechanics. In our case the fast “vibrational” compo-
nent has a significant amplitude only for the mem-
brane potential while for the recovery variables it is 
small. The slow component changes only slightly in 
one period of stimulation and describes the system 
dynamics averaged over the period of the fast stimu-
lation. We have derived the averaged equations gov-
erning the slow dynamics of the system for a general 
neuron model.

By means of analyses of the bifurcations in the av-
eraged equations we have explained the mechanism 
of inhibition/blockage of the  neuronal spontaneous 
activity. The inhibition/blockage occurs due to a sta-
bilization of the resting state of the slow motion. With 
an increase of intensity of high-frequency stimulation 
the resting state can be stabilized by different scenarios, 
depending on the specific model. For the FitzHugh–
Nagumo and Morris–Lecar models the  stabilization 
appears through a reverse supercritical Hopf bifurca-
tion. For the Hodgkin–Huxley neuron a more com-
plicated scenario was found. The  system undergoes 
two successive bifurcations, the  reverse subcritical 
Hopf bifurcation and the  double-cycle bifurcation. 
Between these two bifurcations the  bistable regime 
prevails where the neuron may generate stable peri-
odic spikes or be in a stable resting state.

The averaged neuron equations derived in this 
paper are useful not only for understanding the  ef-
fects of the high-frequency stimulation, but they are 
also important for the simplification of the numerical 
analysis. The  solution of the  original neuron equa-
tions with the  high-frequency term varies on two 
different time-scales. An accurate numerical analysis 
of such systems requires special numerical methods 
and large computation times. In contrast, the  aver-
aged equations contain only the slow time-scale and 
their numerical simulation is simple. The  averaged 

equations may be particularly convenient for prob-
lems where a  numerical analysis of large neuronal 
networks under the action of high-frequency stimu-
lation is required.

In this paper, we have restricted ourselves to 
the analysis of the influence of high-frequency stim-
ulation on the  single neuron models. Such mod-
els are obviously incomplete which might hinder 
a thorough interpretation of experimental results in 
the  context of high-frequency deep brain stimula-
tion of parkinsonian patients. Nevertheless, already 
this comparably simple one-neuron model repro-
duces relevant experimental findings. For instance, 
it was shown that electrical deep brain stimulation 
at frequencies greater than 100  Hz effectively sup-
presses essential tremor and parkinsonian tremor, 
whereas low-frequency deep brain stimulation (at 
frequencies below 50 Hz) does not induce a tremor 
suppression and may even enhance the tremor when 
delivered at frequencies around 5–10 Hz [6, 33, 34]. 
In a  next step, our approach should be applied to 
the analysis of neuronal networks subjected to high-
frequency stimulation in order to complement nu-
merical simulations [35, 36] and provide a thorough 
understanding of the differential effects of high-fre-
quency stimulation on physiologically relevant slow 
and fast neuronal dynamics.

As shown in detail above, high-frequency stim-
ulation suppresses low-frequency oscillations, 
but causes relevant high-frequency oscillations of 
the membrane potential or corresponding variables 
(see Figs. 1, 3, and 5).

In Parkinson’s disease synchronized neuronal 
oscillations emerge in different frequency bands in 
the  basal ganglia. Synchronized local field potential 
(LFP) oscillations in the  beta band (13–35  Hz) are 
a hallmark of Parkinson’s disease [37]. A medication 
(levodopa) induced decrease of beta band LFP os-
cillations positively correlates with an improvement 
of akinesia and rigidity, but not with a reduction of 
tremor [37, 38].

Parkinsonian tremor appears to be generated 
by oscillatory neuronal activity in the  theta band 
(3–7 Hz) in segregated networks associated with dif-
ferent limbs shaking with time-varying phase and 
frequency differences  [39–44]. Tremor-related theta 
band oscillations are typically no pronounced feature 
in LFP recordings, presumably since different neu-
ronal subpopulations belonging to different limbs 
oscillate with time varying phase and frequency re-
lationships  [41, 43, 44]. Nevertheless, with nonlin-
ear data analysis tools it was shown that theta band 
(3–7 Hz) LFP oscillations drive the peripheral trem-
or [45].
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Apart from the  pathological low-frequency os-
cillations in the  theta and beta range, in the  basal 
ganglia of Parkinson’s patients there are also LFP os-
cillations at higher frequencies. LFP oscillations in 
the gamma band (35–90 Hz) appear to contribute to 
the generation of (physiological) movements [37, 46]. 
In fact, gamma band LFP oscillations increase during 
movement and following appropriate (dopaminergic) 
medication [47–50].

In addition, the so-called high-frequency oscilla-
tions (HFO, >200 Hz) were observed in the basal gan-
glia of patients with Parkinson’s disease [51–53]. HFO 
are involved in the  generation of voluntary move-
ments. The HFO power increases when movements 
are initiated and decreases when the  latter end  [51, 
54]. Accordingly, HFO power is negatively correlated 
with the akinesia/rigidity of the corresponding (con-
tralateral) side [55].

In simple terms, the  low-frequency (theta and 
beta) oscillations contribute to pathological pro-
cesses, whereas the  high-frequency oscillations 
(gamma and HFO) are relevant for voluntary, physi-
ological movements. However, the  low-frequency 
and the  high-frequency oscillations interact under 
both physiological [56] and pathological [57] condi-
tions. For instance, physiological processes in motor 
circuits may be perturbed by a coupling of the HFO 
amplitude [57, 58] to the phase of beta oscillations.

Based on the results obtained in our simple mod-
el presented here and in our previous study  [27] 
we may expect high-frequency stimulation to ef-
fectively suppress low-frequency oscillations, such 
as theta and beta band LFP oscillations, and to in-
duce high-frequency oscillations (in the  range of 
the  stimulation frequency) of the  membrane po-
tential. The functional role of these high-frequency, 
stimulus-induced oscillations in a neuronal network 
still remains to be investigated. However, in the con-
text of DBS our results suggest the  following test-
able hypotheses: (i) Standard DBS frequencies are in 
the  range of 100–150 Hz, often around 130 Hz. In 
contrast, DBS at sufficiently high frequencies may 
considerably attenuate the amplitude of gamma oscil-
lations and, hence, help to investigate the functional 
role of gamma. However, this requires much greater 
stimulation frequencies compared to the  standard. 
(ii) Currently, studies are performed to understand 
fundamental, attenuating effects of high-frequency 
deep brain stimulation on beta band LFP oscilla-
tions  [59, 60]. Nevertheless, the effects of DBS on 
oscillations of higher frequencies may be significant 
as well. DBS at standard frequencies (100–150 Hz) 
may cause linear/non-linear resonance effects and, 
thus, enhance neuronal oscillations at higher fre-

quencies not related to the  physiological context, 
e. g. to the onset and offset of voluntary movements. 
Such resonance-like effects may be detrimental. Ac-
cordingly, it is desirable to reduce the overall stimu-
lation current. One approach aiming at this goal is to 
perform closed-loop, demand controlled DBS. This 
is to stimulate only when necessary and/or to adapt 
the  strength of stimulation to the  amount of ab-
normal neuronal synchrony. Initially introduced in 
computational studies with different types of specifi-
cally designed desynchronizing stimuli [61–63], de-
mand-controlled DBS was experimentally tested by 
means of conventional high-frequency stimulation 
and denoted as adaptive DBS (aDBS)  [64–67]. An 
alternative approach to significantly reduce stimula-
tion current originated from computational studies 
on desynchronizing stimulation techniques  [61–
63, 68] by incorporating spike timing-dependent 
plasticity (STDP)  [69, 70]. Computationally it was 
shown that in neuronal networks with STDP coor-
dinated reset (CR) stimulation  [63], a  desynchro-
nizing stimulation technique reduces the  rate of 
coincidences and, hence, down-regulates abnormal 
synaptic weights  [71, 72]. CR stimulation moves 
the neuronal population from a pathological attrac-
tor (with strong synaptic connectivity and neuronal 
synchrony) to a more physiological attractor (char-
acterized by reduced synaptic connectivity and neu-
ronal synchrony), in this way inducing cumulative, 
long-lasting, sustained desynchronizing effects [71–
73]. These computational predictions were verified 
both pre-clinically and clinically: long-lasting, sus-
tained and cumulative therapeutic effects of CR-DBS 
were demonstrated in parkinsonian monkeys  [74, 
75]. Long-lasting desynchronizing and therapeutic 
effects of CR-DBS were shown in patients with Par-
kinson’s disease [76]. The goal of this approach is to 
induce an anti-kindling, i. e. to reshape the networks 
synaptic connectivity in a  way that the  network is 
no longer able to produce abnormal neuronal syn-
chrony [71].

appendix: derivation of averaged equations for 
a general neuron model

We consider typical neuron models, such as 
the  FitzHugh–Nagumo, Morris–Lecar, Hodgkin–
Huxley or others under HFS. Generally they can be 
presented by the following set of equations:

C ·v = f(v, w) + a φ(ωt), (A.1a)

·w = g(v, w). (A.1b)
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Here C is the membrane capacitance and v is the mem-
brane potential, aφ(ωt) is the HFS current, where a 
is the amplitude and ω is the frequency. We consider 
a general case when φ(ωt) is any 2π periodic function 
φ(ωt + 2π) = φ(ωt), not necessary harmonic signal. 
In order to provide a charge-balanced stimulation, we 
require ∫0

Tφ(ωt)dt = 0, where T = 2π/ω is the period 
of HFS. Equation (A.1b) describes the  dynamics of 
a recovery variable w that generally is a vector vari-
able, w =  (w1,…, wn). The  length n of this vector as 
well as the functions f and g are defined by a specific 
neuron model.

The derivation of averaged equations for this gen-
eral case is similar to that described in Section 2. 
We suppose that ω–1 defines the  shortest time-scale 
of the system and introduce the fast time τ = ωt. As-
suming that the  amplitude a is proportional to ω, 
a = ωCA, we expand the solution in powers of small 
parameter ω–1:

v(t) = v0(t, τ) + ω–1v1(t, τ)…, (A.2a)

w(t) = w0(t, τ) + ω–1w1(t, τ)…. (A.2b)

Here functions v0(t,  τ), v1(t,  τ), w0(t,  τ) and w0(t,  τ) 
are 2π periodic in τ. The time-derivatives of v and w 
variables are


ττ

ω
∂
∂

+
∂
∂

+
∂
∂ 100= v

t
vvv , (A.3a)


ττ

ω
∂
∂

+
∂
∂

+
∂
∂ 100= wwww

t
 (A.3b)

Substituting (A.2) and (A.3) into (A.1) and equat-
ing terms proportional to ω1 we obtain
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Similarly for terms proportional to ω0 we get
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The solution of Eqs. (A.4) is

v0(t, τ) = –v(t) + Aψ(τ), (A.6a)

w0(t, τ) = –w(t), (A.6b)

where –v(t) and   –w(t) are any functions of the  slow 
time t and ψ(τ)  =  ∫φ(τ)dτ. The  equations for these 
functions are obtained by substituting (A.6) into  
Eqs. (A.5)

, (A.7a)

, (A.7b)

and averaging them over the fast time τ:

C ·–v  = 〈 f(–v + Aψ(τ), –w)〉τ, (A.8a)

 ·–w  = 〈 g(–v + Aψ(τ), –w)〉τ. (A.8b)

Here the  angle brackets denote the  averaging over 
the  period of the  fast time, τπ

π

τ d)()(1/2=)(
2

0
 ∫〉〈 . 

Finally, an approximate solution of Eqs. (A.1) is

v(t) ≈ –v(t) + Aψ(ωt), (A.9a)

w(t) ≈ –w(t),  (A.9b)

where A = a/ωC and the functions –v(t) and –w(t) sat-
isfy the averaged equations (A.8). If the HFS is per-
formed by the harmonic signal φ(ωt) = cos(ωt), then 
ψ(τ) = sin(τ).
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Santrauka
Nagrinėjame aukšto dažnio srovės įtaką savaimi-

niam neuronų aktyvumui ir parodome, kad ši srovė gali 
nuslopinti neuronų savaiminius žemo dažnio virpesius. 
Šio reiškinio universalumą demonstruojame naudo-
dami standartinius neuronų modelius (FitzHugh-Na-
gumo, Morris-Lecar ir Hodgkin-Huxley) ir normalinę 
superkrizinės Hopfo bifurkacijos formą. Taikydami 
skirtingų laiko mastelių metodą, mes atskiriame greitus 
ir lėtus neuroninių lygčių sprendinius ir lėtoms spren-

dinių komponentėms išvedame vidurkintas lygtis. Neu-
roninio aktyvumo slopinimo mechanizmą aiškiname 
remdamiesi vidurkintų lygčių bifurkacijų analize. Gauti 
rezultatai padeda suprasti giluminės smegenų aukšto 
dažnio stimuliacijos (high-frequency deep brain stimu-
lation) gydomąjį efektą. Šiuo metu giluminė aukšto 
dažnio smegenų stimuliacija yra standartinė procedū-
ra gydant Parkinsono ir kitas neurologines ligas. Mūsų 
tyrimai leidžia toliau tobulinti giluminės aukšto dažnio 
smegenų stimuliacijos metodą.
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